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Abstract 



We refine the null alignment classification of the Weyl tensor of a five-dimensional spacetime. The 
paper focusses on the algebraically special alignment types N, III, II and D, while types I and G 
are briefly discussed. A first refinement is provided by the notion of spin type of the components of 
highest boost weight. Second, we analyze the Segre types of the Weyl operator acting on bivector 

^ ' space and examine the intersection with the spin type classification. We present a full treatment for 

types N and III, and illustrate the classification from different viewpoints (Segre type, rank, spin 

Vh ' type) for types II and D, paying particular attention to possible nilpotence, which is a new feature 

OJj| of higher dimensions. We also point out other essential differences with the four-dimensional case. 

In passing, we exemplify the refined classification by mentioning the special subtypes associated to 
fvj ' certain important spacetimes, such as Myers-Perry black holes, black strings, Robinson- Trautman 

^ , spacetimes, and purely electric/magnetic type D spacetimes. 
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1 Introduction 

Lorentzian spacetimes with more than four dimensions are of current interest in mathematical physics. 
It is consequently useful to have higher dimensional generalizations of the classification schemes which 
have been successfully employed in four dimensions. In particular, the introduction of the alignment 
theory [TH3], based on the concept of boost weight (abbreviated b.w. throughout this paper), has made 
it possible to algebraically classify any tensor in a Lorentzian spacetime of arbitrary dimensions by its 
(null) alignment type, including the classification of the Weyl tensor and the Ricci tensor. To complement 
this, a higher dimensional generalization of the Newman-Penrose formalism has been presented, which 
consists of the Bianchi 4^ and Ricci identities [5] and of the commutator relations [B] written out for a 
null frame. More recently, the corresponding GHP formalism has also been developed [7]. 

However, other mathematical tools for the study of higher dimensional Lorentzian spacetimes can 
also be developed including, e.g., the classification of tensors utilizing bivectors. From this viewpoint, 
the algebraic (Segre type) classification of the Weyl tensor, considered as a linear operator on bivector 
space, turns out to be equivalent to the algebraic classification by alignment type in the special case 
of four dimensions (i.e., the Petrov classification [8J; however, these two classification schemes are non- 
equivalent in higher dimensions. In particular, the alignment classification is rather course, and developing 
the algebraic classification of the Weyl bivector operator may lead to a more refined scheme. 

For this purpose the bivector formalism in higher dimensional Lorentzian spacetimes was developed 
in [9]. The Weyl bivector operator was defined in a manner consistent with its b.w. decomposition. 
Components of fixed b.w. were then characterized in terms of basic constituents which transform under 
irreducible representations of the spins. This leads to another refinement of the alignment classification, 
based on geometric relations between the highest b.w. constituents. The types arising will be referred to 
as spin types. 

In this paper we study the general scheme of |9j (and thus the two classification refinements mentioned 
above, and their interplay) in the case of five-dimensional (5D) Lorentzian spacetimes. These are of 
particular interest for a number of reasons. First, they provide the simplest arena in which properties 
of gravity qualitatively differ from the well-known 4D case. Certain important new solutions such as 
black rings, which are intrinsically higher-dimensional, seem to admit a closed exact form only in five 
dimensions (see, e.g., TIT and references therein). An alternative spinor classification of the Weyl tensor 
has also been developed in 5D, and its connection with the b.w. approach has been discussed pTMl3| . 
Since the two classifications are not equivalent, the refinements we propose may also be useful in the 
spinor classification. Finally, as a peculiar feature of five dimensions (see also [£), the highest b.w. 
constituents are represented by square matrices, vectors and a single scalar. In this way both refinements 
of the 5D Weyl tensor classification can be carried out in a fully explicit manner and its main properties 
can be easily displayed. 

The structure of the paper is as follows. In section[5]we review the algebraic properties of the 5D Weyl 
tensor (i.e., the constituents, the null alignment types and the Weyl bivector operator). The definitions 
and the main ideas regarding the spin type and the Weyl operator refinements are presented in section 
[3l In sections HHH we elaborate on both types of refinement and their intersections separately for each of 
the primary alignment types N, III and II, where special attention is given to the type D subcase of II. 
In section [7] we discuss the split of the Weyl operator in electric and magnetic parts, which is most useful 
for types I and G. We conclude in section [5] with a discussion and we make some brief remarks regarding 
future work. Finally, there are three appendices. Appendix A summarizes some useful basic facts about 
the Jordan normal form of square matrices. Appendix B provides further details of the Weyl operator 
classification for type III. The intersection of the spin type and eigenvalue structure classifications in the 
type II case is exemplified in appendix C. 



2 Preliminaries 

In this section we recapitulate the necessary definitions and results from earlier work, meanwhile intro- 
ducing the notation and conventions to be used. 

2.1 Boost weight and Weyl tensor constituents 

Consider a point p of a 5D spacetime (Af , g) with Lorentzian metric signature 3, and assume that the 
Weyl tensor at p is non-zero. By definition this tensor inherits the basic Riemann tensor symmetries and 
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is moreover traceless: 

Cabcd — Ccdab: Cabcd ~ —Cbacd, Ca[bcd] = 0, C^ bad = 0, (1) 

where round (square) brackets denote complete (anti-)symmetrization as usual. Let {£, n, nii, z = 3 .. 5) 
be a null frame ofTpM, consisting of two null vectors £ and n, normalized by ^"n^ — 1, and three spacelike 
orthonormal vectors nii, orthogonal to the null vectors (mi°mja = Sij, mi^ta — nii°na = 0, with 5ij 
the Kronecker-delta). We take and 1 to be the frame indices corresponding to I and n, respectively 
(e.g., TJ.'^ — To), whereas i, j, fc, . . . denote spacelike indices, running from 3 to 5.|j For a joint notation 
of the null frame indices we use capital Roman letters Ai in the sequel. 

Under a boost in the (€, n)-plane the frame vectors transform according to 

i^Xl, n^\-^n, niii-^m,, AeM\{0}, (2) 

such that the components of a rank p tensor T'ai...a change as follows: 

p 

Ta,...a, ^ X'^'-^-Ta,...a,, bA,...A, = J2(Sa,o - Sa^), (3) 

where Sab is the Kronecker delta symbol. Thus the integer bAi...A is the difference between the numbers 
of 0- and 1-indices, and is called the boost weight (b.w.) of the frame component Tai...a (or, rather, of the 
p-tuple (^1, . . . , Ap)). For the Weyl tensor, the conditions (HJ imply that all components of b.w. ±4 or ±3 
are zero, as well as algebraic relations between the Weyl components of fixed b.w. (—2 < b.w. < 2) [Tl|4]: 

3.W. -2: Ci'i, = 0; (4) 

b.w. -1: Ciou^Cihf, (5) 

2C'o[ij]i = —Coiij: 2Coioi == ~C''"'y — 2Co'ii. (6) 

Consider now the spin group, which is isomorphic to 0(3) and acts on the null frame according to 

£^£, n^n, nij^in,G'j, G'jGk^^Sl- (7) 

The independent Weyl tensor components of a fixed b.w. q define objects which transform under irre- 
ducible representations of the spin group. These objects were presented in [9J, for general spacetime 
dimension n + 2, and are here referred to as the b.w. q (Weyl) constituents. □ In particular, the 
components Cijki (b.w. 0) and Cujk (b.w. —1) are decomposed as follows [n > 3): 



b.w. 


2 


Co'oi 


= 0; 


b.w. 


1 


Coioi 


= Co^ij-, 


b.w. 





2Co(i^ 


)i = Ci jk 



r^, ^ m^^\k^ = &'ki + ^^^^S^U + ^^^^^^)K^l (8) 

Cujk = Li[jk] = 2(5i[jWfe] + Tijfc, T'ik = = Ti(^jk)- (9) 

Here Hijki symbolizes a n-dimensional Riemann-like tensor (i.e., a tensor exhibiting all the properties 
([1]), except for the last one), while Cijki, R = H^^j and Sij = H^ikj — ^R^ij stand for the associated 
Weyl tensor, Ricci scalar and tracefree Ricci tensor, respectively. For the case of five dimensions {n = 3) 
to be treated here, we have that the b.w. Weyl constituent Cijki vanishes identically, 

C^jH = 0, (10) 

while the b.w. -1 constituent T is equivalent to a traceless symmetric matrix fi: 

fiij = \e^\ifj)ki <^ f'jk = Sjkin'-^ fiij = n(y), n\ = 0, (11) 

where Eiju denotes the sign of the permutation {ijk) of (345). Analogously for Coijk, giving rise to b.w. 1 
constituents v and fi. Regarding the b.w. constituent A, defined for general dimensions by Aij = Coiij, 



^We omit the index 2. This is in accordance with [9], but in contrast with ^[4] and I12| . where (01,234), (12,345) are 
used, respectively. 

^We will use the notation of the Weyl tensor components and constituents used in |9]. It may be useful to compare 
it with that employed in other works. For negative b.w. components Ref. [4] defined 2^ij = Cuij, 2'^jki = C-'ujk, and 
'I'i = —Colli, while for zero b.w. components, Ref. |14l introduced ^ij = Cqhj, with <l?f. and $^ for its symmetric, 
respectively, antisymmetric part and $ for its trace. These quantities have then appeared in several subsequent papers. A 
different set of symbols for the full set of Weyl components has been defined in [7] . 
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we will use one more simplification specific to n = 3 (not made explicit in ^): as Aij is antisymmetric 
in ij, we will use its dual vector w as the equivalent Weyl constituent: 



Wi 



^^iikA -^ Ai 



2^1-3 



StjkW 



(12) 



The symbols of the Weyl constituents and their relation with the Weyl components are summarized in 
table [I] where the relations (H))-® have been implicitly included. The two-index constituents H , n, S, h 
and H are traceless and symmetric 3x3 matrices; those with one index define 3x1 column vectors v, 
w and V. Together with R they add up to the 25 + 9 + 1 = 35 independent components of the 5D Weyl 
tensor. 



b.w. 


Constituents 


Weyl tensor components 


+2 


H^J 


Coioj = Hij 


+ 1 


n^, Vi 


Coijk = Litjk] — 2(5i[jWA;] + fii Sijk 
Coioi = Ki = -2vi 





Sij, Wi, R 


CliOj = Mij — ~2'^i] — gRSij — 2^ijkW ' 

Couj = A[ij] = eijkw^ 

Coioi = $ = ^2-^ 


-1 


V,, hij 


Cujk = Li[jk\ = '2.5i[jVk] + fii^eijk 
Cioii = Ki — —2vi 


-2 


Hij 


Ciiij = Hij 



Table 1: 5D Weyl tensor components and constituents. 



2.2 Null alignment type 

Given the null frame {{.,n,mi) of TpAI, the boost order of a rank p tensor T^^.a with respect to the 
frame is defined to be the maximal b.w. of its non- vanishing components in the frame decomposition [2]. 
This integer is invariant under the subgroup Fix([£]) of Lorentz transformations fixing the null direction 
[£].|f| It follows that the boost order is a function of [f] only, denoted by 6t(M)- For the Weyl tensor 
Cabcd and for generic £ we have bc{[f]) = 2. If a null direction [£] exists for which ^^([f]) < 1, it is called 
a Weyl aligned null direction (WAND) of alignment order 1 — be {[£])■ A WAND is called single if its 
alignment order is 0, and multiple (double, triple, quadruple) if the alignment order is greater than zero 
(1, 2, 3). The integer 



C^mm6c(M) 



(13) 



is a pointwise invariant of (M, g), defining the (Weyl) primary or principal alignment type 2 — ^ at p; 
if C = 2,1,0,1 or -2 this type is stiU denoted by G, I, II, III or N, respectively [TJ[2]. For types 
N and III the quadruple, respectively triple, WAND [£] is in fact the unique multiple WAND [T].|f| If 
there is a unique double WAND in the type II case we will denote this by IIq; if there are more of 
them we denote this by D = Il^i, in accordance with the secondary alignment type notation introduced 
in [I1I2]- In the present paper we will focus on the algebraically special types N, III and II (or IIq and 
D separately) in the Weyl algebraic classification scheme (and where the context is clear, we will refer 
to these algebraically special types simply by type II or one of its specializations) . Similarly, for type I 
we will write lo if there is a unique single WAND, and I^ if there more than one. In general, a spacetime 
admits no WANDs, and we denote the general case by type G. 



^The subgroup of Fix([^]), consisting of special Lorentz transformations, is also known as Sim(n) in n + 2 dimensions. 

■^Tliis generalizes the Petrov types I, II, D, III and N from four to higher dimensions. Petrov types II and D together 
correspond to primary alignment type II. Type G does not occur in four dimensions, but is the generic situation in higher 
dimensions |2]. Type O corresponds to the trivial case Cabcd = 0, which we have excluded here. 

^If there was another multiple WAND [£*] we would get the contradiction Cabcd = by considering components with 
respect to a null frame {£,£*, mi). 
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2.3 The Weyl bivector operator 

Let A'^TpM be the lO-dimensional real vector space of contravariant bivectors (antisymnietric two-tensors 
pab _ plab]^ g^^ p_ gy |-j^g ^^^^ couplc of equations in ([IJ, the map 

C : F"'' h^ iC'^^dF"'' = ^F'^'^Ccd'''' (14) 

determines a Hnear operator (or endomorphism) on A'^TpM , which we shall refer to as the Weyl operator. 
A null frame of TpM 

(£,n, nij), 

where i — 3,4, 5, induces a null basis of /\^TpM: 

(U3,U4,U5,W,W[45],W[53],W[34],V3,V4,V5), 

consisting of the simple bivectors (in abstract index notation): 

The only non-zero scalar products among these (as induced by the spacetime metric) are given by 



(15) 
(16) 

(17) 



2UfV 



j ab 



2W''''W„ 



-1, 2W"^j,jW[/„j]a(, = SjlSkm — Sjm^k 



With the notation of table [U the matrix representation of C with respect to (fT6)) - p7p can be written in 
a (3-f 4-1-3) block form ^: 



M* C 



C 



K 



K 



H 



n c^k' 



H C-K M 



(18) 



where 



c±K = [±KL], n 



A H 



C±K = [±KL]. 



(19) 



Notice that, with respect to the given basis (|17p . the subspaces 



U 



(U3,U4,U5), 



W: 



(W,W[45],W[53],W[34]), 



V 



(V3,V4,V, 



precisely contain the bivectors of b.w. —1, and -1-1, respectively. If we denote the projection operator 
onto X by px and the restriction to X by -{x, then the block entries of C are the respective matrix 
representations of the maps 



M*=puoC\u, Ck=puoC\w, H=p;^oC|v, 
Ck=Pw°Qu, ^ = Pw°Qw, C_k*=PwoC|v, 
H=pvoC\ii, C_K=PvoC|w, M=pvoC\v. 



(20) 

(21) 
(22) 



3 Refinements of the null alignment classification 

3.1 Spin type refinement 

3.1.1 Weyl spin type of a null direction 

The boost order of the Weyl tensor with respect to a null frame {£, n, m^) is defined to be the maximal 
b.w. of its non-vanishing components and is a function of [f] only, denoted by 6c(M) (cf. section [^?^ . The 
last statement follows by considering the induced action of an element g G Fix([£]) on the leading terms. 
A more detailed consideration leads to other invariants for this action, and thus to other functions of (that 
is, properties associated with) [£]. To this end, we (uniquely) decompose g into a product S[G] A[X] N[z], 
where S[G] is a spin ([7]), A[X] a boost ^, and N{z) a null rotation about [£], acting on the null frame 
according to (|z^| = z^Zi) 



£i-^ £, n 1-^ n + z^rxij — -|zp£, nij M' m^ — z^ 



(23) 
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Primary spin type 



Normal form of X 



{(000)} {(11)1} {110} {111} 



X3K3 diS[X3,-X3] diff[X3,X4] 



Table 2: Primary spin types of [£] and normal forms for X (X3X4 7^ 0). 

In conjunction with the vanishing of all b.w. > bc{[i]) terms, ([25)1 readily implies that N{z) leaves the 
leading terms (or, equivalently, the b.w. &c([-^]) constituents) invariant [2]. Moreover, A[X] has the effect 
of simply multiplying the 5c([€]) constituent components by a common factor A'''^^' 1^. It follows that 
spin- invariant quantities defined by the b.w. 6c ([-^D constituents are properties associated with [£]. More 
specifically for 5D Weyl tensors, the spin-irreducible constituents of b.w. 6c (i-^]) consist of a traceless, 
symmetric matrix X (for all values of 6c([-^]))j a column vector x (for —1 < 6c (M) < 1) and a scalar R 
(for 6c (i-^]) = only). This leads to the notion of spin type of [£], as follows. 

The matrix X is either zero or (symmetric and thus) diagonalizable by applying spins. By traceless- 
ness this leads to four possible primary spin types of [£] , symbolized in a Segre-like notation by 

{(000)}, {(11)1}, {110}, {111}. (24) 

Here a zero (one) indicates a zero (non-zero) eigenvalue, and round brackets indicate equal eigenvalues. 
Hence, {(000)} corresponds to the trivial case X = 0. For primary spin type {(11)1} there is one 
non-degenerate eigendirection and an eigenplane orthogonal to it. The last two types are the non- 
degenerate primary spin types characterized by three different eigenvalues, each with one corresponding 
eigendirection; if the distinction between zero and non-zero eigenvalues is irrelevant the joint notation 
{111/0} win be utilized. 

If we denote the eigenvalues (without multiplicity) by Xi, i = 3.. 5, we get X = diag[X3,X4] = 
diag(X3,X4, —X3 — X4) after diagonalization. For the non-degenerate primary types {111/0} we write 
X = diS[X3,X4] to indicate that Xi 7^ Xj for i y^ j. We may interchange the mi's such that X = 
difffXs,— X3] {X5 — 0) in the case of spin type {110}, and X — X3K3 in the case of spin type {(11)1}, 
where 

K3 = diag (1, ~i, -i) 0X4= X5 = -\X^. (25) 

The possible normal forms for X are summarized in table[2] Notice that for 6c([-^]) — ±2 the case {(000)} 
should be excluded by definition of boost order (cf. Table [1]). 

Next, if —1 < 6c([-^]) < 1 we consider the vector x and first suppose that X 7^ 0. If a; is non-zero, its 
position relative to the X-eigendirections is a Fix([.£])-invariant, and one distinguishes three qualitatively 
different cases. Together with the possibility x = we get four secondary spin types of [.£], which we 
symbolize by 

• 0: X = 0; 

• II : X is parallel to a non-degenerate eigendirection; 

• _L: X is orthogonal to a non-degenerate eigendirection, and not coinciding with the other two such 
directions in the case of primary types {111/0}; 

• g: X is in 'general' position; i.e., none of the above hold. 

These symbols are added in subscript to the primary spin type to form the (total) spin type of [£]. For 
spin type {110}|| it may be important to indicate whether x is parallel to the 0-eigendirection or not, 
and we will symbolize this by {110}||o and {110}||i, respectively. Likewise, for spin type {110}^ we will 
write {110}j^o if x is orthogonal to the 0-eigendirection, and {110}xi if it is not. 

In the case X = the spin type can be {(000_)}|| (x ^ 0) for -1 < 6c([^]) < 1, and {(000)}o[i? 7^ 0] 
(x = 0) for bc[£] — (for this case we will add i? = or _R 7^ between square brackets after the spin 
type symbol whenever this distinction is important). 

Regarding normal forms, it is possible and advantageous to order the mi's such that X4 = (except 
for spin type {lll}g) and X3 7^ whenever x 7^ 0, instead of taking an arrangement where the JC-normal 
forms of table[2]are guaranteed. In fact, this has only implications for spin types {lll}||o, {110}_lo and 
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{(11)1}^, where the normal forms X = diS[0,X4], X = diS[X3,0] and, for example, X — X5K5 should 
be taken instead, where 



K5 = diag I 



h.l) ^ X, 



Xa 



2^5 



(26) 



Additionally, we will take X = X^k^ for type {(ll)l}g as well. The resulting normal forms for the highest 
b.w. constituents are summarized in table [S] For bc{[i]) = ±1 the case {(000)}o should be excluded by 
definition of boost order. 



Sec. type 


{111/0} 

X = diS[X3,X4] 


{(11)1} 


{(000)} 

x = o 





x = 


X = X3K3, a; = 


x^O 


II 


X = {X3,0,0) 


X = X3K3, x=(a;3,0,0) 


x= (x3,0,0) 


_L 


x = (a;3,0,X5) 


X = X5K5, a; = (0:3,0,0) 


- 


g 


X = {X3,X4,X5) 


X ^ X5K5, X = {X3,0,X5) 


- 



Table 3: Spin types of [£\ and normal forms for X and x (—1 < 6c(M) < 1)- The scalars Xi are non-zero. 
For spin types {lll}||o and {110}^o we have X3 — 0, resp. X4 = 0, but in all other cases the scalars Xi 
are non-zero as well. 



3.1.2 Weyl spin type at a point 

Since on the one hand Weyl-preferred null directions may exist, and since there are only a finite number 
of possible spin types on the other, it is natural to define the notion of Weyl spin type at a spacetime 
point p. It is possible to distinguish four cases: 

(1) If the Weyl tensor is of alignment type N, III, IIq or lo, then the WAND of maximal alignment order 
1 — C (cf. definition (fT3)) ) is unique. 

(2) If the alignment type is D, consider two distinct double WANDs [£] 7^ [n]. With respect to null 
frames (£,n, m^) and {n,i,mi), the b.w. C = constituents (which are then the only non-zero Weyl 
components) relate like {S,iI],R) and {S,—w^R)^ and it immediately follows that the spin types of [n] 
and [{] are the same. 

(3) If the alignment type is I^, one considers the single WANDs and, for instance, the total ordering 



(Xi,xi) < (^2,^2) ^ Xi < X2 or Xi=X2, xi<X2 
on the set of possible spin types, where 

{(000)} < {110} < {(11)1} < {111}, < II < _L < g. 

(4) If the alignment type is G, one considers all null directions and, for example, the ordering 



{110} < {(11)1} < {111} 



(27) 



(28) 



(29) 



on the set of possible spin types. 



Definition 3.1. The Weyl spin type at a spacetime point p is defined to be the spin type of any maximally 
aligned null direction in the case of the algebraically special alignment type II (and its specializations) 
and alignment type Iq, and the minimal spin type of the single WANDs [of all null directions] with respect 
to the ordering (P5| [ d^ ] in the case of alignment type I^ [G]. 

Remark 3.2. (1) The notion of spin type, introduced here for a 5D Weyl tensor, may be readily transferred 
(in principle) to any dimension and any tensor. Regarding the different alignment types of the Weyl tensor 
in general dimensions, some spin type subcases have already been pointed out in earlier work pil^llSj. 
which will be commented on later. 

(2) The spin type can be used as a classification tool. In particular, we may try to determine all spacetimes 
with given Ricci-Segre and Weyl alignment-spin types. In this respect, all 5D Einstein spacetimes {Rat = 
f gafc) of alignment type D and spin type {(11)1}||, {(ll)l}o, {(000)}|| or {(000)}o[i? ^ 0] have been 
invariantly classified and partially integrated in [16j ; the collection of these spin types corresponds to the 
situation where the Weyl tensor is isotropic in some spacelike plane, in addition to the boost isotropy in 
any plane spanned by double WANDs. 
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3.2 Weyl operator refinement 

The Weyl operator C on A^TpM is characterized by the list of elementary divisors 

(a;-A,)'"'^ i = l,...,r, j = l,...,Vi, 

where the A^ are the distinct, possibly complex, eigenvalues of C and Vi = din\{E\^) is the dimension of 
the Ai-cigcnspacc, which equals the number of Jordan blocks corresponding to Ai in the Jordan normal 
form of C. The Segre type of C is the list of the orders niij where, for fixed i, round brackets are used to 
enclose them in the case where i^i > 1. For instance, [(3211)12] would indicate that there are 3 distinct 
eigenvalues, the first one corresponding to four Jordan blocks of dimension 3, 2, 1 and 1, while the other 
two correspond to one Jordan block each, of dimensions 1 and 2, respectively. The integer J2i<j<iJi ''^ij 
(equalling 7, 1 and 2 for the respective eigenvalues in the example) is the dimension of the generalized 
eigenspace M^* corresponding to Xi, which is a C-invariant subspace of A^TpM. A basis of the latter is 
built by concatenating Vi Jordan normal sequences (JNSs) of the form 

F,[m,,]^(F,,CA(F,),...,C^~'(F,)), C^ ^ C - A id^.i^^M- (30) 

We shall use the notation M^j, ' for the span of those bivectors Fj for which the length ruij of the 

corresponding JNS equals k, and pk{Xi) for the invariant dim(VFj, '). The concatenation of the M^'- 
bases yields a Jordan normal basis (JNB) realizing the Jordan normal form of C. We refer to appendix A 
or standard text books on linear algebra (such as [T? ) for a further discussion, dealing with vector space 
endomorphisms in general. 

In four dimensions (4D) , the Segre type classification of the Weyl bivector operator is fully equivalent 
to the alignment type classification, and both reduce to the 6 distinct Petrov types. In higher dimensions, 
however, a particular alignment type can allow for different Segre types. In the present 5D analysis we 
shall focus on the algebraically special alignment type II (and its specializations), and regard classification 
of a certain property of the Weyl operator as a refinement thereof. 

We will treat alignment types N and III in full detail: we shall deduce the possible Segre types, 
and write down the kernel Ker(C), image Ini(C) and a JNB of C. As a type N (III) Weyl operator is 
nilpotent of index 2 (3), it suffices to study the possibilities of p(C) (and p(C^)), according to formula 
(JAISP : here and henceforth, we denote p{Z) as the rank of a matrix/linear operator Z . We also present 
the compatibility of the Segre and spin type classifications. 

Regarding type II (covering IIq and D), we shall emphasize the classification based on p{M) and 
p(ri), and on the potential nilpotence of C. We shall also determine the possible spin types in the case 
where M is nilpotent and Vi has a quadruple eigenvalue. The determination of all possible Segre types 
for a given spin type would involve a straightforward but tedious investigation. Rather, for illustration, 
we shall present the complete eigenvalue degeneracies for spin types {-jo, {■}|| and {(11)1}^ in appendix 



4 Type N 

In general dimensions, a type N Weyl tensor is characterized by having a quadruple WAND [£]. With 
respect to any null frame (£, n, m,) all components of b.w. greater than C = —2 vanish; i.e., only the 
Weyl constituent H is non-zero: 

iJ = 0, h = v = 0, S = w = R = 0, n = v = 0, H ^ 0. (31) 

In fact, the argument given in footnote ^ shows that [£] is the only WAND. 

4.1 Spin types 

The allowed spin types of the WAND, and thus of the spacetime, are {(11)1}, {110} and {111} (these 
were summed up in section 4.5 of [S]). We shall use the normal forms for X = H oi table [5] By an 
additional boost- normalization, we could naturally take H = diff[l, —1] in the case of spin type {110}, 
and H3 — ±K3 in the {(11)1} case (where ± is the sign of X3). 
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{110} {(11)1} {111} 



[(2221111)] 
[(22111111)] 

Table 4: Type N Weyl tensors: spin types (columns) for given Segre types (rows). The symbols - and x 
indicate that the corresponding Segre type is not or is allowed, respectively. 



4.2 Weyl operator 

With (PT|) and the diagonal normal form of H the Weyl operator takes the form: 



C 





iJ 



H = di&giH3,H4,H5). 



(32) 



Obviously C^ — 0; i.e., C is nilpotent of index 2 such that its only eigenvalue is 0, and V ® W ^ Ker(C). 
Also, C(Ui) — HiVi (no sum over i), and by H3H4 ^ it follows that 2 < p{C) = p{H) < 3, where 
p{C) ^ 2 ^ H5 ^ 0. From formula (|JT5|) . with A^ = 0, s(0) = 2, N^ = C, we get 

P2(0)=p(C), pi(0) = 10-2p(C). 

This leads to two possibilities (cf. section IX^ for the notation): 

1. Segre type [(2221111)] ^ p{C) = 3 ^ ffg 7^ 0, with 

Im(C) = V = (V3,V'*,V5), Ker(C) = V®W, 

JNB = (U3[2],U4[2],U5[2], [W], [W[45]], [W[53]], [W[34]]), 

corresponding to W2 — U and W'l — W; 

2. Segre type [(22111111)] 4^ p(C) = 2 4^ 7?5 = 0, with 

Im(C) = (V^ V), Ker(C) = (U'^) © V © W, 

JNB = (U3[2],U4[2], [U5], [V5], [W], [W[45]], [W[53]], [W[34]]), 

corresponding to W^''^^ = (U^, U"*) and W[^°'^ = (U^) © (V^) © W. 
Here Vi[2] = [U\HiVi] for Hi ^ (cf. ^). 

4.3 Intersection of the two refinements 

The intersection of the spin type and Segre type classifications is trivial and summarized in table |4j case 
1 above covers spin types {111} and {(11)1}, whereas case 2 corresponds precisely to spin type {110}. 

4.4 Comparison with 4D 

Consider a 4D spacetime which is of (Weyl-Petrov) type N at a point. With respect to any null frame 
{£,n,ni3,m.4) with [£] the quadruple, unique WAND, we formally have (|5T|) . so that with respect to a 
bivector frame 

(U3,U4,W,W[34],V3,V4), (33) 

defined as in pT)) . the Weyl operator C takes the (2+2+2)-block form formally equal to ([32]). Hence C is 
nilpotent of index 2. However, {11} is the only possible spin type here, where we may take H = diag(l, —1) 
after boost-normalization. Also, p(C) = 2 and the only possible Segre type of C is [(2211)]. On writing 



we have 



V = (V3,V4), W=(W,W[34l), U={V3,XJi) 

lm(C) = V, Ker(C) = V © W, 

JNB ^ ([U3, V3], [U4, -V4], [W], [W[34]]). 

We note that certain four-dimensional results on the Weyl operator (including the rank properties) were 
given in p^fTO] . 



12 



A. Coley, S. Hervik, M. Ortaggio and L. Wylleman 



4.5 Discussion 

From the above we conclude that for alignment type N Weyl tensors, the spin type classification refines 
the Weyl operator Segre type classification; the latter coincides with the classification based on the rank 
of C; i.e., on the number of non-zero eigenvalues of the matrix H . Ahhough only the 5D case has been 
treated here, it is clear that these statements still hold in n + 2 spacetime dimensions: for p{C) = m > 2 
we will have precisely m two-dimensional and n — 2{m — 1) one-dimensional Jordan blocks, reflected in 
the Segre type; this Segre type is independent of the degeneracies of non-zero ff-eigenvalues. Notice that 
m > 2 is due to the tracelessness of H; the case m — 2 (Segre type [(2211 • • • 1)]) corresponds precisely to 
the unique spin type {1100 • • -0}, while for fixed m > 2 _ff-eigenvalue degeneracies become possible and 
the corresponding Segre type covers several spin types. 

In 4D the matrix H is two-dimensional and m = 2 is the only possibility, corresponding to spin type 
{11}. Most remarkably, for type N non-Kundt Einstein spacetimes (Rab = ^9ab) in any dimensions 
D, the case m = 2 is the unique possibility as well, which is due to the compatibility with the Bianchi 
identities [4l[7]. Some explicit examples have been constructed in [20]. 

However, such a constraint does not apply to Kundt Einstein spacetimes. As an illustration, let us 
recall the homogeneous plane-wave spacetimes. 



ds' 



2du(di; -|- Oijx'^x-'du) 



Sijdx^dx-^ , 



where a^ is a constant matrix. 



If the matrix au is traceless then this is Ricci-flat, otherwise some pure 



radiation will be present. In both cases this metric is of Weyl type N and the eigenvalue type of Oij 
directly related to the spin type of the Weyl tensor. 



IS 



5 Type III 

In general dimensions, a type III Weyl tensor is characterized by having a triple WAND [£]. With respect 
to any null frame (£, n, nii) all components of b.w. greater than C = —1 vanish, whereas those of b.w. -1 
are not all zero; in terms of constituents this is 



H = 0, h^v = 0, S = w = R = 0, {fi,v) ^ (0,0). 



(34) 



The argument given in footnote ^ shows that any other WAND must be single; i.e., [£] is the unique triple 
WAND and there can be no double WANDs. The existence of a single WAND corresponds to if = 0, 
and is symbolized within the full alignment type notation by IIIj [T]. 

5.1 Spin types 

The allowed spin types of the unique triple WAND, and thus of the spacetime, are the combinations in 
table [21 with the exception of {(000)}o (which would yield type N or O). The secondary spin type '0' 
(i.e, V = 0) was denoted as type Ill(a) in [Il[Tn] and III(A) in [5]. The primary spin types were also 
mentioned in 0, where {(000)} (n = 0) was denoted by III(B). 

5.2 Weyl operator 

From ([34)) . and taking the diagonal normal form for fi, the Weyl operator takes the form; 



C = 












7k* 








H 


C-K 






C±K = [±K L] = 



=F2w3 f^3 -^5 V4 
=F2w4 V5 n4 ~V3 

T2w5 -W4 ^3 ns 



(35) 



Obviously we have C^ = and thus is the only eigenvalue, just as for type N. However, contrary to the 
type N case, a type III Weyl operator satisfies C^ 7^ 0. A proof hereof, in general dimensions, was given 
in [6], Lemma 12; however, let us present a shortcut, specifically for five dimensions. 

Proposition 5.1. A 5D type III Weyl operator C is nilpotent of index 3; i.e., C^ = y^ C^ . 



Proof. We have 








0" 










c. 


-k.Ck* 






(36) 
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where a dot denotes matrix multiphcation. Suppose that C^ = <=> C-k-Ck* = 0. By C±k = [^K L], 
this is equivalent to 

L.U = k.k\ (37) 

This would imply p{L) = p{L.U) ~ 1 and hence L — ax*, with a,x G M'^^-'^. Compatibility with p7p 
then requires L — i^e*, with e a unit vector in R'^^^. But then Ck = K[l e*] such that 2 < p{Ck) — 1: 
this is a contradiction. D 

The difference between the indices of nilpotence serves as an easily testable criterion for distinguishing 
the alignment types III and N. 

Next, from ([55)1 it is clear that the order 2 minors |f| Ck{)\ )l) of C±k cannot all be zero, as this 
would lead to v = h = and thus type N. Hence, p{Ck) = p(C_k) = p{^k) equals 2 or 3. Moreover, 
from the structure of (|35p we immediately see that V ^ Ker(C) and 

4 < 2 p{Ck) < P(C) < 3 + piCx) < 6. 

Defining the order 3 minors 

d = det(_L) = h^fiihc, + h^vl + niv\ + ^51)5, (38) 

di = 2[vjVk{hj - hk) - Vi{vl + vl + vl + fijhk)], (39) 

we have 

p(C) = 6 ^ p{Ck) =3 ^ D^ = d^ + ^2 + ^2 + ^2 _^ 0. (40) 

Conforming to the canonical forms of table |31 we take 1)3 ^ whenever v ^ 0, while in the case v = 
we may permute the mi's such that h^n^ 7^ 0. Then, the first and second columns of Ck* are always 
independent, as well as columns j and k of C-k, where 

v = {n^m 7^ 0) : j = 2, fc = 3; (41) 

V ^ (t;3 7^ 0) : J = 1, fc = 4 or 3. (42) 

It is then easily seen that only one order 5 minor is needed to distinguish between p(C) — 4 and p(C) = 5: 

p(C) = 4 ^ D''^c{^\''t'hl>^+^)=^- (43) 

Finally, based on formula (JAISP with A^i = 0, s(0) = 3, N^ = C, the numbers Pi(0) of Jordan blocks 
of dimension i are determined by p(C) and piC^)- 

Pi(0) = 10-2p(C)+p(C2), p2(0) = p(C)-2p(C2), p3(o) = p(c2). (44) 

For p{C) = 6 we get 2 < ^(C^) < 3 from pi(0) > 0, where 

p(C2) = 2 ^ D^< =det(C'_K.CK*) =d^-d3-rfl-di = 0. (45) 

For p(C) < 6, proposition [5TT] and P2(0) > yield 1 < p{C'^) < 2, where 

p(C2) = l ^ I?'*5< = (n2+t)2+t)2_4^)2)(^2_j_-2_g-2)_(-^(^^__^^)_5^^-^)2^Q^ 

This leads to Tabled which summarizes the possible Segre types that arise in the classification based 
on the Weyl operator geometry in the type III case. For further details (like Ker(C), Im(C) and the 
determination of JNBs in the different cases) we refer to appendix IB. II and IB. 21 

Remark 5.2. If the full alignment type is III^ {H — in (|35p) we clearly have p{C) = 2p{Ck) = 6 or 4, 
i.e., D"^ vanishes in this case (cf. (|B^ and (|B33l) ). 



^An order p minor M ( ^ '-■' '] ^ ) of a matrix M G R™^", 1 < n < . . . < ip < m, 1 < ji < . . . < jp < n, is tlie 
determinant of the p X p subniatrix A of M with Af^i = Mi^^j^ , 1 < fc, ' < P- 



14 



A. Coley, S. Hervik, M. Ortaggio and L. Wylleman 





p(C2)=3 


p(C2) = 2 


p{C) = 1 


p(C) = 6 (i?V 0) 


[(3331)] {D^'< ^ 0) 


[(3322)] {D^< = 0) 


- 


p(C) = 5 (D6 ^ ^ D^'') 


- 


[(33211)] (D45< ^ 0) 


[(32221)] (i:i45< = 


= 0) 


p(C) = 4 (d6 ^ = i:>45) 


- 


[(331111)] (D45< _^ 0) 


[(322111)] (i:'45< . 


= 0) 



Table 5: Type III Weyl bivector operators: summary of the (six) possible Segre types and corresponding 
conditions on relevant determinants (defined in the text). 

5.3 Comparison with 4D 

Consider a 4D, alignment (Weyl-Petrov) type III Weyl tensor, and let [(] be the unique triple WAND. 
Referring to the decomposition © we have Tijk = (<=> n — Q) [9J , such that the only possible spin type 
is {00}||. By applying a spin and a boost we may set v = (yz,V4) = (0, 1), while H can be transformed 
to zero by a null rotation (|23p about [£] , such that the full alignment type is III^ [8l|9] . In this gauge the 
Weyl operator C takes the (2+2+2)-block form 



r oi 




_ _ 




_ 






II 1 




II -1 


Ck' 


, Ck' = 




, C-K = 








1 II 




1 


[ C-K o\ 











c = 



Obviously C'^ = 7^ C^, p(C) = 2p{C'^) = 4, and the only possible Segre type is [(33)] and 
Im(C) = W©V, Ker(C) = V, J7VB = ([U3, W[34], -V3], [U4, W, V4]). 
Cf. also [Illin]. 



(46) 



5.4 Discussion 

It is clear that the Weyl operator geometry approach distinguishes between type III and type N (for this 
purpose it suffices to consider p(C), equivalent to specifying the number of eigenvectors, or simply the 
index of nilpotence of C). However, for type III there exist different spin types that are indistinguishable 
from the Segre type viewpoint (and vice versa). We refer to appendix IB. 31 for a full discussion. Table [TUl 
summarizes the relation between the spin type and Segre type refinement schemes for 5D alignment type 
III Weyl tensors. Just as for type N, a certain Segre type covers several spin types, and different spin 
types may allow for exactly the same list of Segre types. However, except for spin types {(ll)l}o, {lll}o 
and {(000)}||, such a list does not contain a unique element any more (as was the case for type N). 

Even before studying more general Weyl types (and/or going to higher dimensions), it is thus already 
clear from the above 5D type III analysis that the two schemes are essentially independent and represent 
substantial refinements. This is in contrast to the 4D case, where type III exactly corresponds to a Segre 
type [(33)] Weyl operator and allows for a single spin type ({00} ||); the same happens for the 4D types 

II and I (see below). 

Finally, we mention that some of the discussed features readily generalize to n + 2-dimensional type 

III Weyl tensors. In particular, the index of nilpotence for C is still 3 [6 such that formula ((31]) still 
holds, with 10 replaced by (n + 2)(n + l)/2. Also, p{C) < 2n, p{C^) < n a priori, but the lower bounds 
would need a detailed analysis. Constraints on type III Ricci-flat spacetimes were derived in |3] using 
the Bianchi identities. Some examples of type III Ricci-flat/Einstein spacetimes were constructed in j20j . 
where the "asymptotic" behavior of the Weyl tensor was also discussed. 



6 Type II 

In general dimensions, a (primary) type II Weyl tensor is characterized by having a double WAND [£]. 
With respect to any null frame {£,n,m.i) all components of b.w. greater than C = vanish, whereas 
those of b.w. are not all zero; in terms of constituents this is: 



iJ = 0, n = w = 0, (S',w,i?) 7^ (0,0,0). 



(47) 



If the (full) type is D, and if n is a second double WAND, then the components of b.w. less than also 
vanish: 

h = v = 0, H = 0. (48) 
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6.1 Spin types 

The allowed spin types of any double WAND, and thus of the spacetime (cf. section IXTj) . are the com- 
binations in tablelH with the exception of {(000)}o[-R = 0]. In [TJ|9l[T5] the secondary spin type '0' (i.e, 
tS = 0) was denoted by subtype 11(d), the primary spin type {(000)} {S = 0) by 11(b), and the case 
^ = by 11(a). In general dimensions the subtype 11(c) is defined by equation (fTDl): however, this is 
identically satisfied in five dimensions. 



6.2 Weyl operator 

With (|47)l the block representation of the Weyl operator reduces to 



A/* 





o' 


Ck' 


n 





H 


C-K 


M 



(49) 



and we work with the diagonal normal form for 



The various submatrices are defined in table [T] and ([T 
5, where 

^i ^ »-5i + 3-*^' 

with Si being the diagonal entries (i.e., eigenvalues) of S. Then the diagonal block entries M and fl take 
the form 



M = 



We have 













r D 


fl.^ 


^5 


Wi 






2 "^"3 


2 

^5 


2 


2 

tt)3 


, n = 




W3 ^-R 


2 

«J4 


2 

«i3 


2 






Wi 


2 


2 


2 J 






w^ 




M = 


4 


^ n = 


= 


^ Rt 



— Wi —W5 



"2 i?4 

I - i?5. 



i?,: = w,, = 0, 



(50) 



(51) 



which is not allowed for type II. Also notice that M, being the sum of an antisymmetric and a diagonalized 
symmetric part, may represent any 3x3 matrix and thus may take any Jordan normal form, while this 
is not the case for il. 

We shall start by showing that a 5D, primary alignment type II Weyl operator C can be nilpotent, in 
contrast with the 4D case (cf. section 15^ . We will then study its classification from different perspectives: 
Segre type of M or fi, p{M) and p{^), and spin type. More precisely, we will exemplify the Segre type 
classifications by treating particular cases and determining all possibilities for the other properties. We 
then give the conditions for when the ranks M and J7 attain a given value, and comment on the relation 
with p{C). We also describe the kernels and images of M and fJ, and pay special attention to the type 
D subcase. Finally, in appendix ICl we present the possible eigenvalue degeneracies for spin types {■}o, 
{•}|| and {(11)1}^ and comment on the more general spin types. 

Wc shall use an extended Segre type notation to indicate the Jordan block dimensions (elementary 
divisors) of Af, f7 and C (cf. section [32]) . If there is a single eigenvalue zero we indicate this by writing 
instead of 1. For a multiple zero eigenvalue, or if we want to emphasize a specific eigenvalue, we write 
this value followed by the corresponding Jordan block dimensions between round brackets. For a pair of 
single complex eigenvalues we use ZZ or a±ib{ZZ) (and, e.g., {Z21){Z21) or a + ib{Z21),a — ib{Z21) if 
both correspond to one Jordan block of dimension 2 and one of dimension 1). WW indicates a different 
pair of complex eigenvalues (for instance, C[R{2211),±3iuj{ZZ),lO] indicates that C has one eigenvalue 
R with Jordan block dimensions 2, 2, 1, 1, one pair of single complex eigenvalues ±3ia;, one single zero 
and one single non-zero eigenvalue). 



6.2.1 Nilpotence of C 

The lower-triangular block structure of a type II Weyl operator ([^5]) is preserved by taking powers C'^, 
which have {{M''y,fl'',M'') on the diagonal. Hence, if M''° = f^''" = then C'"' is (at most) a type III 
operator, and thus C'^'^° = 0. Therefore, C is nilpotent if and only if both M and f2 are nilpotent. 
The characteristic polynomials of M and H. are: 



'M-' 



aljx 



'A/' 



kn{x) = x^ - a\^x^ + CTj^^ - ^-jV + ctji, 



(52) 
(53) 
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where 



-2a\^ = -2Tr Af = a}^ = TiQ = R = R3 + R4, + R5, (54) 

4crM = afi = RiRs+RbRs + RsRi + wl+iul+iul, (55) 

8 det(A/) = R3R4R5 + Rawl + RawJ + Rswl, (56) 

8<jIj + i(i? - 2i?3)(i? - 2Ri){R - 2R5), (57) 



ia 



a, 






4cr4 ^ 4det(f7) = (i?-2i?4)(i?-2i?5)u;| + (i?-2i?5)(i?-2i?3)< + (i?-2i?3)(i?-2i?4) 



W^5 

+ \R{R-2R3){R-2R4){R-2R5). (58) 

For further purpose, notice that these coefficients are hnear polynomials in ui|, wl and w|. The matrices 
M and fi are nilpotent i/ anrf only if (abbreviated i/f henceforward) all their eigenvalues are zero, which is 
equivalent to the vanishing of all a\,j and a^ ■ From a\,j = ctq + 8a fj = it follows that R4 = = R3 + R5 
(by suitable axis permutation), and then from a'j^j = fj^^ = af-^ = we obtain 

R4 = 0, i?3 = -^5 7^ 0, 2w| = 2wl = Rj, W4 = 0. (59) 

Hence, C is nilpotent iff \59fl is satisfied. Notice that the spin type is then {llOl^oi-R ^ 0]- We easily 
find that M^ = 7^ M^ and 17^ = 7^ fi^ in this case, such that the Segre types of M and n are Af [0(3)] 
and rj[0(31)]. Thus, the value of fco above equals 3, and the operator C will be generically nilpotent of 
index 9, but lower indices > 3 can occur. In particular, we clearly have that if a 5D, alignment type D 
Weyl bivector operator is nilpotent, its index of nilpotence is 3, the Segre type being C[(3331)]. Thus, in 
this case and from this viewpoint, it is undistinguishable from a generic type III Weyl operator. Let us 
discuss an easily testable criterion distinguishing between these two situations. 

From lemma 8 in [B] we know that any type D (and, in fact, any primary type II) Weyl tensor (in 
arbitrary dimensions) must have a non-zero polynomial invariant, whereas all such invariants necessarily 
vanish in the type III (or N) case. lI The polynomial invariants of the Weyl tensor Cabcd are (by 
definition) traces of curvature operators built from Cabcd |22j . An example of a first order operator is the 
aforementioned operator C acting on bivector space. An example of a second order operator is C°'"^'^Cde/g, 
acting on the space of contravariant 3-tensors. Remarkably, there is another natural first order operator 
associated to the Weyl tensor, which does not seem to have been considered in the literature before 
(not even in the 4D case). This is the following operator, acting on the space S'^{TpM) of symmetric 
two-tensors Q 

C" : Z"'' = Z^"^^ ^ C'c'^dZ"'^. (60) 

Now, both C and C^ are nilpotent in the type III (or N) case, and it is easy to verify, in an ad hoc 
manner in the present 5D context, that in the proper type II case where C is nilpotent (i.e., when (j59p 
holds), then C cannot be nilpotent at the same time. However, let us first explicitly prove the following 
more general result, slightly strengthening lemma 8 in ^ and valid in any dimension; 

Proposition 6.1. Suppose that a rank 4 tensor Tabcd has symmetries Tabcd ~ —Tbacd = Tcdab, is of 
primary type II or more special and has nilpotent associated operators T and T'*. Then Tabcd is necessarily 
of type III or N, i.e., a frame exists in which all components of b.w. 0, 1 and 2 vanish. 

Note. For a tensor Tabcd satisfying the mentioned symmetries we can indeed define the operators T 
and T"* on A^TpM and S^{TpM) by formally replacing Cabcd by Tabcd hi dH]) and dBO]), respectively. A 
null frame (1151) of TpM, where the indices i now run from 3 to the dimension (n + 2) of the spacetime, 
induce a basis PT)) of A'^TpM wrt which T takes a 3 x 3 block matrix representation T as in ^TE\\ . where 
we will use the same symbols as there but with a tilde decoration. On the other hand, (|15p induces the 
basis 

P'^'' = n''n\ Qf == V2n^''ni^\ (61) 

O'^'' = V2n^''e''\ O^/ = V2m|°my {i < j), O'^ = m,°m^ (no sum over i), (62) 

Rf = V2&-m% S"'' = tt (63) 

of S'^{TpM). Notice that the boost orders of the tensors P, Qi, (O, O^ ), R.^ and S along i are -2,-1,0,1 
and 2, respectively; accordingly, wrt such a frame the operator T*^ takes a 5 x 5 block matrix representation 

'^Indeed, this is true for any tensor: the alignment theorem and the VSI corollary in 121] state that a tensor has only 
vanishing polynomial invariants if and only if it is of type III, or simpler. 

**It can be shown that the same operator acting on bivector space is equivalent to C. 
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Proof. Since Tatcd is of primary type II or more special, a null frame exists in which all its components 
of strictly positive b.w. (1 or 2) vanish, such that the block matrices T and T* are lower triangular. 
Hence, the nilpotence of T and T* is equivalent to the nilpotence of all block entries on the diagonals 
of T and T". Consider first the middle (b.w. 0) block of T", corresponding to ((62|) . It is easy to check 
that it is symmetric, |j and thus should vanish (since a symmetric matrix is diagonalizable). In particular 
we get O'^f'TacbdO^'' = -Tqwi = 0, and 0''''TacbdO',f = My + Mj, = (for all i and j) implying that 
the matrix with entries M^ :— Tuqj is antisymmetric. Next, consider the first block on the diagonal 
of T and the second block on the diagonal of T": these have entries 2(Vj)abT(Uj)"'' = —Mij and 
(Ri)ahT''(Qj)°^ — Tqhj — Mij. Thus they are antisymmetric, whence diagonalizable and 0. This gives 
Toiij = TiiQj — 0. Finally, the middle block fi of T is now symmetric and thus should also vanish; this 
gives Tijki = 0. Hence, all b.w. components of Tatcd also vanish in the considered frame, and thus the 
tensor is of type III or N. D 

In particular we thus conclude that if a proper type II Weyl tensor has a nilpotent Weyl operator C, 
then the operator C* has non-zero eigenvalues, and consequently non-zero polynomial invariants (contrary 
to any type III tensor). 

6.2.2 Case of a nilpotent M 

In order to illustrate the classification of a type II operator C from the viewpoint of the extended Segre 
type of M, we shall determine the possible spin types and the extended Segre types of fi, in the case of 
a nilpotent M; i.e., when the extended Segre type of M is either M[0(3)] (M^ = 7^ M^ o p{M) = 2) 
or Af [0(21)] (Af2 = 7^ M o p{M) = 1). 

The matrix M 7^ is nilpotent iff all of the eigenvalues are zero. This happens iff 



>M 



0, a2, = 0, ctI, = Q. (64) 



The first equation gives ^ = 0, so that Ri — Si, and the second equation together with ([55)) implies 
that spin type {(000)}|| (all Ri = 0) is not allowed. Therefore, when M is nilpotent at least two Ri must 
be non-zero, and at most two of them can coincide. Hence, without loss of generality, we may assume 
that ^3 y^ R^. We can then solve aj^,j — cr|j — for w| and u)|, yielding the necessary and sufficient 
conditions for M being nilpotent: 

n - p R . Rl-wl{R, + 2R,) ,_ Rl-wli2R, + R,) 

R4,- -R3- R5, -u^a n n ' ^5- n n ■ (^5) 

To determine which spin types are allowed we use the normal forms of table|3]with {X, x) = (S, Hj) and 
proceed by increasing the number of zero ui-components. The generic spin type is {lll/0}g, corresponding 
to ivsw^w^ 7^ 0. If iD4 = 7^ wsHj^ we generically have spin type {111}^; the special case of spin type 
{(ll)l}g corresponds to the subcase 

i?3 = i?4 = -iJ?5, W4 = 0, Swg = 24:wl = 2Rl (66) 

of (|65|l. while {110}_l leads to {llOj^o and gives back ((59|) . If u;4 = ws = 7^ W3, we find from (|65|): 

-R3=0, i?4 = -i?5^0, Wi^w^^Q, wl = Rl. (67) 

It can be readily verified that this subcase corresponds precisely to the case where the nilpotence index of 
M is 2 (Segre type M[0(21)]), whereas in all other cases this index is 3 (Segre type A/[0(3)]). Notice that 
(|67p is a subcase of spin type {110}||o[-R = 0]. Finally, w — Q leads to a diagonal, and hence non-nilpotent, 
M. 

To determine the possible Segre types of 17, we first determine the possible multiplicities and nature 
(real or complex) of the eigenvalues. This is most easily done by means of the discriminant sequence of 
dSni) ESlIMj- Given ^ the coefficients ([Mll-dSHl) reduce to 

a^ - a^ = 0, (68) 

aj - -2R3RiR5, (69) 

af = (i?3 - i?4)(i?5 - R4)wl - {Rj + Rl)Rl (70) 



^The \/2 normalization factors in I I62II have been introduced for this reason. Essentially this normalization implies that 
the dual basis vectors of the II62I I frame vectors arc the metric dual ones. 
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Spin types 


Segre type of M 


p{M) 


rj Segre type 


p{n) 


{llOJiio 


[0(21)] 


1 


[ZZll] 


4 


{110}±o 


[0(3)] 


2 


[0(31)] 


2 


{(ll)l}g, {111}^, {110}g 


[0(3)] 


2 


[ZZll] 


4 


{lll}^ 


[0(3)] 


2 


[ZZll], [ZZWW], [ZZ2] 
[ZZIQ] 


4 
3 



Table 6: Type II Weyl tensors: allowed spin types, and corresponding Segre types and ranks of M and 
O, in the case of a nilpotent matrix M. Spin types {110}_loi {(ll)l}g ^Lnd {llOjiio correspond to the 
special cases (15^ . (|B51) and (|S7|) of the characterizing equations (|55|) . respectively. In all cases ^ = 0. 



where i?4 = ~i?3 — i?5, and the discriminant sequence list becomes 



n\4 

3 . 



(71) 



Here D4 is the classical discriminant of the degree 4 polynomial k^{x) (given (1551) ) which vanishes iff 
the latter has multiple roots. If cr|^ ^ a^ ~ Q (i.e., is a multiple root) we are in the case (|5n)) of a 
nilpotent C. In all other cases it follows that the so called revised sign list (see [531[21]) must have at 
least one sign switch, such that J7 has at least one pair of complex eigenvalues. If D^ > there are 
two (differing) complex pairs (Segre type fl[ZZWW]), while for D4 < there are two additional real 
eigenvalues, which coincide iff D4 = 0. In this last case one can further show that this real (non-zero) 
eigenvalue must correspond to a two-dimensional Jordan block (i.e., the Segre type of J7 must be [ZZ2]); 
if 1)4 < we either have [ZZll] {a^ ^ 0) or [ZZIQ] (crj = 9^ tr^). In the latter case we have p{Vi) = 3, 
while p{^) = 2 in the nilpotent case (l59l) : in all other cases we have p{^) = 4. 

Regarding the compatibility of the spin types and the Segre types of i7, we first observe from (1711) that 
i?4 < is implied by crj < 0. Primary spin type {110} is equivalent to o'l' = (see (IM|) '). and we may 
take ^4 = ^3 -I- ^5 = by permuting the axes; moreover, if W4 7^ we then see from (ITni) that a^ < 0. 
The case w^ = y^ R4 immediately yields a2 < 'ds well. It follows that D4 > is only consistent with 
the most generic spin type {lll}g and the spin type {110}_lo (^^4 = = R4) corresponding to nilpotent 
C; in all other case we have D4 < and thus Segre type 51 [ZZll]. 

A summary of the allowed spin types and Segre types of M and 57, and their compatibility, in the 
case of a nilpotent M is given in table [S] 



6.2.3 Case of a quadruple Q-eigenvalue 

Given the analysis of the previous paragraph, we now illustrate the classification of a type II operator C 
from the viewpoint of the extended Segre type of 57, by working out the case where ft has a quadruple 
eigenvalue xq. This comprises the subcase 0:0 = of a nilpotent 57. Strikingly, we will see that the spin 
type classification forms a pure refinement of the 57-Segre type classification (in the sense that a certain 
spin type is compatible with at most one 51-Segre type) and that the extended Segre type of M is almost 
always M[ZZl]. 

The characteristic polynomial fco(a;) of the matrix 57 has a quadruple root, namely 



Xo 



tR, 



if and only if 



\R' 






1 54 
256^ • 



By ((54)) , (j55p and (|57)l it follows that the af can be written in terms of the Ri only 



M 



- -\R^ 



32^ 



,A/ 



32 (F- jR ), 

where 

F={R- 2R3){R - 2R4){R - 2R5), R ^ R3 + R4 + R^- 

Therefore, the cases where kuix) has a root or xq respectively correspond to 

F 



W 



F^^R^ 



(72) 



(73) 



(74) 



(75) 



(76) 
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Spin types 


Q Segre type 


Pin) 


M Segre type 


p{M) 


{(ll)l}[|[i?^0] 


[(211)] 


4 


[ZZl] 


3 


{no}MR = o] 


[0(31)] 


2 


[0(3)] 


2 


{in}^[R^o] 


[(31)] 


4 


[ZZl] 


3 


{iii}g[i? = o] 


[0(4)] 


3 


[ZZl] 


3 


{110}g[i? ^ 0] 


[4] 


4 


[ZZl] 


3 


{iii}g[i?^o] 


[4] 


4 


[ZZl], [ZZlc] 
[ZZO] 


3 
2 



Table 7: Type II Weyl tensors: allowed spin types, and corresponding Segre types and ranks of fJ and M, 
in the case where Vt has a quadruple eigenvalue. The second row corresponds the the case of a nilpotent C. 



and they occur simultaneously iff C is nilpotent. Also, the discriminant sequence of a general degree 3 

is 



polynomial (I52p . with arbitrary (j\j 



M 
2 1 



27 D3 = -[27crf 



4/(9af-2(ai,)2)]2 



4F|. 



(77) 



In the considered situation of a type II Weyl operator with a quadruple fi-eigenvalue, (154l) - ([55)) and the 
first equation of ^ imply i^a = -3^-R^ < 0, such that D3 < from d??]), where i^3 < ^ Dg < 0. It 
follows that either C is nilpotent or kM{x) has a pair 0/ complex roots. The nilpotent case is characterized 
here by ^ = R3R4R5 = 0. Regarding the latter case we will indicate the respective subcases in ([751) by 
M[ZZO] and M[ZZlc], and otherwise write M[ZZl]. 

Just as in the case of a nilpotent M, we can show that w = and spin type {(000)}|| are not allowed. 
The assumptions oi w^ ^ ^ w^ ^ w^ or primary spin type {(11)1} both lead to the case (up to 
permutation of the axes): 



W4 = Wq 



0, 



IR3 = R4 = R5 =W3 {xo = W3), 



(78) 



which is a subcase of spin type {(ll)l}||[i? 7^ 0]. It can be verified that this is the only case where 
51 has Jordan blocks of dimension at most 2, and that we have extended Segre types fl[w3{2ll)] and 
M[-^{ZZ),-W3{1)] and thus C[(ZZ)(ZZ)(11)(1111)]. In all other cases, given ^, ^ and (El 
([75|l can be solved for the wf , yielding: 



Ra 



\R) 



{Ri 



\R) 



{R5 



m 



(i?3 — R4){R3 — R5) 



(i?4 — i?5)(i?4 — R3 



{R5 — i?3)(i?5 — R4) 



(79) 



By substituting this into (fi — jR) we find that Segre type r2[(31)]) corresponds precisely to spin type 
{111/0}^ (i-e., the situation where exactly one ui-component vanishes); in agreement with table|3]this is 
for 

W4=0y^W3W5 ^ 4i?4-i? = 7^ (4i?3-i?)(4i?5-i?). (80) 

The case ^ = ^4 = is equivalent to spin type {110}j_o and gives the case ([5^ of nilpotent C; for R ^ 
one necessarily has spin type {111}^, (i.e., {110}_li is not allowed) and extended Segre type M[ZZl] (i.e., 
((80)) is incompatible with ^^-^^). Finally, the Segre type 51[4] allows for the spin types {llQ}g[R ^ 0], 
{lll}g[-R = 0] and {lll}g, where the second one gives a nilpotent Q, and only the last one is compatible 
with either of the equations in ([751) . 

A summary of the allowed spin types and Segre types of Jl and M , and their compatibility, in the 
case of a quadruple J7-eigenvalue is given in table [T] 



6.2.4 Classification based on p{M) and p{n) 

The classification by the ranks of M and f2, and their intersection, gives a rather course subclassification 
of an alignment type II Weyl tensor, but in combination with the determination of the (kernel and) image 
of C may be useful for particular purposes. 

For example, the image has a particular implication for the holonomy group of the spacetime under 
consideration. The infinitesimal generators of the holonomy group are spanned by: 



RabcdX Y , Rabcd-eiX Y Z 



d yei 
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for all vectors X, Y, Z, ... e TpM, through the isomorphsim t : A^T*AI H> o{l,n~ 1), where o(l, n — 1) 
is the Lie algebra of the Lorentz group. The map I is explicitly given by raising an index: Xat H> X"-^. 
Similarly, by lowering an index we have an isomorphism t : /\^TpM i— >■ o(l,n — 1). In particular, this 
implies that the image of the Riemann bivector operator generates a vector subspace of f)o[ (the Lie 
algebra of the holonomy group); i.e., 

t(Im(R)) C floL 

In the case of a Ricci-flat spacetime, this implies that t(Im(C)) C [}oI, and thus we can obtain a minimal 
dimension for the holonomy algebra by considering the rank of C. Indeed, if the i(Im(C)) does not close 
as a Lie algebra, we can consider the algebra it generates (which must also be in \)o\). For example, since 
the dimension of the Lorentz group is 10, we immediately get that the vacuum cases where p(C) = 10 
generate the whole Lorentz group (=holonomy group). Indeed, since there are no 9 or 8-dimensional 
proper subgroups of the Lorentz group, we also have that p{C) > 8 must have the full Lorentz group 
as its holonomy group. Thus to conclude, the image Im(C) generates a subalgebra of the infinitesimal 
holonomy algebra. The allowed spin types in each case can be computed. 

The generic case, of course, corresponds to having p{M) = 3 and p{^) — 4. We will now work out all 
possible special cases where lower rank combinations are allowed. From ([5T|) we have p{M) ^ 7^ p(^) 
and cases of zero-rank matrices can thus be ruled out from the start. Moreover, by considering the order 2 
minors of Jl it is easily shown that p(0) = 1 is not allowed either. As a final preliminary remark we 
mention that p{^) = 2 (all order 3 17-minors being zero) leads to the two cases (|57|) and (|88p below, for 
which p{M) = 2. 

We now work out the classification based on p{M), and its intersection with that of p(ri). 

p{M) = 3 This is the case of a generic matrix M, corresponding to 

- 8 dct(Af ) = RsRaRs + Rswl + Riwl + R^wl ^ 0. (81) 

If Vt is also generic then p(ri) = 4. The case p(51) < 4 necessarily gives p{^) = 3 by the above remark. 
This happens if det(r2) = (i.e., if ((58)) vanishes while (|8T|) is valid), and occurs for either 



W3 = -T^ s ^TT^ ^ ^ ^ V 



R4 + R5 — i?3 
4(i?4 - i?5-i?3)(i?4--R5 + R3) ' 

V - Rz[Rl + Rz{Ri + R5) - {Ri - R^f + A{wl + wl)] - R^[Rl - R4R5 ~RI+ 4{wl - wl)] 

~ RiiRJ - 4{wl ~ wl)], (82) 



or 



i?3 = = i?4 - R5- (83) 

In the latter case (j8ip reduces to Rz{'wl + wf) 7^ 0. It is understood that other cases can be obtained 
from these two by simple axis-permutations (hereafter we will not mention such possibilities any further) . 
The case of nilpotent fi, corresponding to (17^ with R = {) ^ R3R4R5, is a subcase of (|82l) (cf. also table 
ED- 

p{M) = 1 This is the case where all order 2 minors of M vanish, which happens iff 

i?3 = 0, W4^W5= 0, wl = -R4R5, {Ra, R5) + (0, 0). (84) 

We have 0-3^ = a\^ = 0, and generically the zero-M eigenvalue is double {a\^ ^ R ^ 0). It becomes 
triple (i.e., M is nilpotent of index 2) ioi R — R4 + R^ = (cf. (pT)) ). Notice that R4 7^ R5, and since 
16det(17) = -{Ri - i?5)4 by ^ we have p(0) = 4. 

p(M) = 2 By setting a^^ — det(Af) = to zero we find all cases with p{M) < 3, where we just have 
to exclude ([84]) and its permutations to get p{M) — 2 (this is implicitly understood in the following). 
Generically, M has a single zero eigenvalue. This comprises the case where all Ri's coincide; by ([5T|) it 
then follows that all of the Ri'a are zero, which is the case (|87l) below. Otherwise, it is always possible to 
solve (7*^ = for one u)|, and we may assume R3 y^ R5. The zero eigenvalue becomes at least double iff 
a^' — fjj^ = 0, which is the case iff 

_2 -Rl{R3 + Ri) + wl{R4~R5) _2 -Rl{R4 + R5)+wliR4-R3) ,^^, 

W3 = ^ ^ , w^ = ^ ^ (85) 
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piQ) = 4 


Pin) = 3 


pin) = 2 


pin) = 1 


piM) = 3 ^ (|5T1) 


generic case 


dHU) or dMD 


- 


- 


p{M) = 2 


m 


dHlD 


([57|1 or (PI) 


- 


PiM) = 1 


dHl 


- 


- 


- 



Table 8: Weyl operator geometry for type II spacetiraes: possible relative ranks of Af and n and equation 
numbers of the corresponding conditions (up to permutations of the axes). 



(note that different subcases have already been discussed in the tables) . There is a triple zero eigenvalue 
iff, in addition, af^ — 0, which is the case (1551) of a nilpotent M of index 3; the last three rows of table [S] 
produce examples fitting in the subsequent discussion of pin). 

Generically, we have pin) — 4. For pin) < 4 we have two possibilities. If (|55| holds then det(i7) — 
automatically, and det(Af ) = <^ R^iwl + wj) = 0, which leads to ^7} and a subcase of ([55]). If (153|) or 
its permutations do not hold, we necessarily have (e.g., (^4 — ^5) (^3 — ^4 — ^5) 7^ 0) and the conditions 
det(M) = = det(r2) are solved simultaneously by 



(i?3 — R4 + R5) 
R4 — i?5 

(i?3 + -R4 — R5) 
Ra — i?5 



Rfy — R?, 



(-R3 — i?4 — i?5) 

R3 — R4 
(i?3-i?4-i?5)2' 



-wi + -R5 



-R4 



(86) 



This generically corresponds to pin) = 3. 

The case pin) = 2 arises for two different choices of the parameters. 



1. The first possibility is 



i?,;=0, i = 3,4,5. 



(87) 



This is precisely spin type {(000)}|| [R — 0]. In this case the extended Segre types are M[zLiujiZZ), 0], 
n[±iujiZZ), Oill)] and thus C[iw(Zlll), -ia;(Zlll), 0(1111)]. 



2. The second possibility is 

R5 = R4 — i?3 



W4 = 0, 



^3(^3^4 



R4 



wl) 



R4 — i?3 

which can be understood as a subcase of (|55|) . The further subcase hereof 



i?4 = 0, 



Wo 



2 ^^3 I 



L n2 
j^3> 



(88) 



(89) 



is precisely the case ([55]) of a nilpotent C (cf . also table O . 
A summary for the possible relative ranks of M and n is given in table HI 

6.2.5 Ker(M) and Ker(Q) 

From (P^ it is easy to see that Ker(M) ^ Ker(C). Of course, in the generic case M and f2 have full rank 
(i.e., p(M) = 3 and piQ) = 4), so that Ker(M) = {0} and Ker(f2) = {0}. The spin type is generically 
{lll}g[.R ^ 0], but many special subcases are possible. In particular, we have the type {(000)}||[/j 7^ 0] 
if R3 — R4 = R^, or {(000)}o[^ 7^ 0] if, additionally, Hj = 0. For these two simple types the conditions 
p(M) = 3 and p(fi) — 4 are, in fact, necessary. 

The more special cases of table [5] are now discussed. 

piM) = 3, pin) = 3 This case is defined by either ([82]) or ^. Clearly Ker(M) = {0} here. 



1. When ((52|) is satisfied we find that 

Ker(Q) = (W+), W+ = [(i?4 



i?5)' - i?3]W + 2(i?4 -R5 + ^3)tS4W[53] 
2(i?5 + i?3 - i?4)u'5W[34] 



inm 



(i?4 - i?5)2] 



i?3 ~ R4 — R5 



W[45]. (90) 



The spin type is generically {lll}g[-R ^ 0], but many special subcases are possible. 
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2. If, instead, (|551) holds we get 

Ker(Q) = (W*), W* - -w^W^^:,] + w^W^^^^. (91) 

Here the spin type is {(ll)l}g[^ 7^ 0]; it specializes to {(11)1}^[-R ^ 0] if w^ — 0. 

p{M) — 2, p{ft) —A It is easy to see that if -R3 = ^4 = ^5 = then p{il) = 2; therefore, here we can 
assume that the Ri are not all identically zero. Let us take, for definiteness, R3 7^ 0. Then, from ([STjl 
the condition det(Af ) = gives 



-2 __ Jt.3Ji.4Ji.5 T Ji.4'"4 -r Ji-St^s /q„N 



_2 _ R3R4R5 + Riwl + R5W 
It is now straightforward to see that 



Ker(M) = (V+), V+ = r^MilJ^Vg - {R5W5 + wsWi)Y^ + [R^w^ - W3W,)Y^, (93) 

-K3 

where we substitute w^i from (j92[) . Again, the spin type is generically {lll}g[i? ^ 0], but many special 
subcases are possible. 

p{M) — 2, p{Vl) = 3 Using (1551) we can easily compute the generators of the one-dimensional spaces 
Ker(M) and Ker(Q); the expressions are rather long and non-illuminating, and are therefore omitted. 

The spin type is in general {lll}g[^7^0]. This specializes to {(ll)l}g[^ 7^ 0] (but in a non-canonical 
frame) if Ra = R3, or to {lll}g[i? = 0] if R5 = -Rs - Ri- When wg = we get the type {lll}_L[i? ^ 0], 
which becomes {lll}_L[i? — 0] if, additionally, _R5 = —R3 ~ R4. Further, the type is {110}g[i? 7^ 0] if 
R5 = 2R3 — R4; this becomes {110}^o[^ 7^ 0] with the further condition W3 ~ 0, or {110}xi[/i' 7^ 0] for 
Wi = 0. 

p{M) — 2, p(ri) = 2 There are two different possibilities corresponding to this situation. 

1. When dH?]) holds we get 

Ker(M) = (V*), V* = W3V3 + mVi + W5V5, (94) 

Ker(O) = {W*\ W*2) , W*^ = -zSg W[45] + u^a W[34] , W*^ = -w^Wi^^] + u^g W[53] . 

This corresponds univocally to spin type {(000)}||[/j = 0]. 

2. Assuming, instead, that (|55|) is satisfied we obtain 

Ker(M) = (V^), V^ = w^iRa - Rim - R^iRs - i?4)V4 + W3R3V5, (95) 

Ker(Q) = (W[53],WX), W^ ^ w^iRa - R4)W + W3W5W[4,] + {RsRi- Rl- wDW^^^], 

where it is understood that W5 is as in (|551). We also recall the special subcase (|89p where both M 
and Q are nilpotent. 

The spin type is in general {111}_l[^ 7^ 0]. It becomes {(11)1}||[.R 7^ 0] when ^3=0 (and 
{(ll)l}o[^ 7^ 0] if, additionally, W3 = 0); this is the situation, for instance, for the Kerr black 
string (where Hj^ = in the equatorial plane). In addition, we may have the type {110}_lo[^ = 0] 
for ^4=0 (and {110}o[^ = 0] if also W3 =0), which includes the case when C is nilpotent; or 
{lll}||[i? 7^ 0] if, instead, ws, = 0. 

p{M) — 1 The conditions for this to occur were already given in (I84p (and correspond to a specialization 
of ([M|) above) . Now we have (without loss of generality we can assume R4 7^ 0) 

Ker(M) = (V3,V0), v'' = -^^Y^ + V5, (96) 

il4 

Im(M) = (-i?4V4 + iS3V5), (97) 

while Ker(Q) = {0}. If -R 7^ then M also admits a non-zero eigenvalue —R/2 — (w| — ^|)/(2^4), 
with eigendirection Im(M). If .R = then M is nilpotent and Im(M) coincides with the subspace (V*^) of 
Ker(M). 

Here the spin type is in general {lll}||[i?, 7^ 0]. It specializes to {(ll)l}o[i? 7^ 0] for R5 — 0, and to 
{110}||o[-R — 0] for R^ — —R4 (in which case M is nilpotent). The Segre types of M, il and C are easy to 
determine (some cases are presented below). 



The Weyl operator 



23 





p{n) = 4 


piQ) = 3 


pm = 2 


p{M) = 3 


p(C) = 10 


p(C) = 9 


- 


p{M) = 2 


8 < p(C) < 9 


7 < p(C) < 9 


6 < p(C) < 8 


p{M) = 1 


6 < p{C) < 8 


- 


- 



Table 9: Possible values of p(C) for all permitted combinations of values of p{M) and p(ri) in type II 
spacetimes. 



6.2.6 p(C) in the various subcases 

We have 

6 < 2p(Af ) + p{n) < /9(C) < min{p(M) + 7, p{n) + 6} < 10. 



(98) 



All inequalities are a priori clear from (j49p . except for 6 < 2p{M) + p(ri) which follows from the detailed 
discussion above. Considering the various previous subcases we thus obtain the possibilities summarized 
in Table O In general, the precise value of p(C) also depends on the negative b.w. components. 

6.3 Type D spacetimes 

Type II spacetimes specialize to type D when Ck* = H — C-k = in P^ . In this case, U, W and V 
are all invariant subspaces (recall also (pn]) - (|^ ') and the equality p{C) — 2p{M)+p{n) holds. Therefore, 
in each case p{C) sticks to the lower value given in Table [9] and we can explicitly present the Kernel and 
Image of C, as follows: 

p{M) = 3, p{n) = 4 Here p{C) = 10, so that 

Ker(C) = {0}, lm{C)=U®W(SV. (99) 

Both the Schwarzschild-Tangherlini and Myers-Perry solutions belong to this class. 

p{M) — 3, p(ri) — 3 Here p{C) — 9, and we have 

Ker(C) = (W+), Im(C) = Z^ Im(Q|w\(w+>) ® V. (100) 

with W+ defined as in (ITOl) . 

p{M) ^ 2, p{fl) ^ 4 Here p{C) = 8 and 

Ker(C) = (V+)ffi(U+), Im(C) = Im(M|v\(v+)) ® W ® Ini(M*|i^\(u+))- (101) 

with V+ as in 1^ and U+ defined analogously (i.e., Ker(M*) = (U+)). 

p{M) ^ 2, p{fl) = 3 Now p{C) = 7 and 

Ker(C) = Ker(M) © Ker(M*) ® Ker(Q), 

Im(C) = Im(M|^^Ker(M)) ® Im(Q|^^Ker(n)) ® Im(M*lu\Ker(M'))' (102) 

with long expressions for Ker(M), Ker(M*) and Ker(Q), that we omit. 

p{M) — 2, p(ri) = 2 Now p{C) — 6 and there are two possibilities, so that either 

Ker(C) = (V*) ® (U*) (W*\ W*^), 

Im(C) = Im(M|v\(v)) © Im(Q|w\(w*i,w^)) ® Im(M*|j^\(u->), (103) 

with the definitions of (jMl) (and Kcr(M') = (U*)), or 

Ker(C) = (V^) (U^) (W[53], WX), 

Im(C) = Im(M|v\(vx)) © Im(Q|w\(W[53i.wx)) ® lm{M'\u\(ijx)), (104) 

with the definitions of (|95|) (and Ker(M*) = (U^)). For instance, the Kerr black string belongs to the 
latter class (see the text after ((95)) ). 
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p{M) = 1, p{fl) = 4 Also in this case p{C) ^ 6, but now 

Ker(C) = (V5,V")® (U5,U"), Im(C) - Im(M|v\(V5,vo)) ® W ® Im(M*|i,\(U5,uo)), (105) 

with V° as in ((M]) and U° defined analogously (i.e., Ker(M*) = (U5,U")). Cf. dM]) for the exphcit form 
oflm(M). 

6.4 Comparison with 4D 

For n = 2 we have S^ = in addition to (jlOp . Thus the only possible spin types for a 4D primary 
ahgnment type II (i.e., Petrov type II or D) Weyl bivector operator are {(00)}||[i? ^ 0], {(00)}||[i? = 0] 
and {(00)}o[-R 7^ 0]. The first one is the generic case. In the type D subcase, in the second and third 
cases the Weyl tensor is dubbed purely magnetic and purely electric, respectively (see also section [7?2l)-LJ 
The 2x2 matrices M and il take the form [9]: 



M = 



2^34 —jR 



n = 



\R -^3 
A34 -R 



2' 



(106) 



with respective eigenvalues — ■|(i?± 21^34) and ^(-R± 21^134) . Thus the eigenvalue degeneracies are 

Spin type {(00)} II : M[ZZ], n[WW], C[{ZZ){ZZ){WW)]; (107) 

Spin type {(00)}o: M[(ll)], ^[(11)], C[(llll)(ll)]. (108) 

For Petrov type D this also gives the extended Segre types for C; for Petrov type II the extended Segre 
types are C[Z[2]Z[2],WW] and C[(22)(ll)], respectively. Notice that neither M nor H. can be nilpotent, 
basically due to the fact that they are the sum of an antisymmetric matrix and a multiple of the identity 
(instead of a general symmetric matrix) . 

6.5 Discussion 

We have studied the (refined) algebraic classification of the 5D primary alignment type II Weyl operator 
C from the perspectives of Segre type (of M or il, and also of p{M) and p{^)) and spin type. In particular, 
we have described the Segre type classifications by treating particular cases, and then determined other 
properties such as the values of the ranks of M and il, the relation with p(C), and the kernels and images 
of M and fi, within each particular case. 

The nilpotence of C is of particular interest. We found that the type II Weyl operator C is nilpotent 
if and only if both M and Q are nilpotent (and the Segre types of M and ft are Af [0(3)] and r2[0(31)], 
respectively), and the operator C is generically nilpotent of index 9 (but lower indices can occur). In 
order to illustrate the classification of a type II operator C we determined the possible spin types and 
the extended Segre types of fl in the case of a nilpotent M; a summary of the allowed spin types and 
Segre types of M and fl, and their compatibility, was given in table [51 

The classification of a type II operator C from the viewpoint of the extended Segre type of ft was 
also illustrated in the case where il has a quadruple eigenvalue. Remarkably, we found that the spin type 
classification forms a pure refinement of the f2-Segre type classification and that the extended Segre type 
of M is almost always M[ZZ1\. A summary of the allowed spin types and Segre types of Vt and M , and 
their compatibility, in the case of a quadruple 57-eigenvalue was given in table [T] 

We then focussed attention on the special type D subcase of type II spacetimes. In this case, 
the Kernel and Image of C were explicitly presented, and the possible values of p{C) for all permitted 
combinations of values of p{M) and p{Vl) in type II spacetimes were given (see table [5]). 

In appendix [C] we discuss the classification of a type II Weyl operator based on its spin type. For 
spin types {-jo, {-In and {(11)1}^ we present the degeneracies in the eigenvalue spectra of M, £L and C 
and briefiy comment on the more general spin types. As was the case for type III, a certain spin type 
gives rise to several possible eigenvalue degeneracies, opposed to the situation in 4D. 

Finally, let us point out that several other properties of type II/D Einstein spacetimes in higher (in 
particular, five) dimensions have been studied in [l4l[28] . 



'Observe that R and ^34 correspond, in the Newman-Penrose notation, to the real and imaginary part of ^2, respectively. 
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7 Types I and G 

In general dimensions, a type I Weyl tensor is characterized by having a single WAND [£] and no multiple 
WANDs. With respect to any null frame {£, n, rrii) all components of b.w. greater than C = 1 vanish, 
whereas those of b.w. 1 are not all zero: 

i^ = 0, (n,{)) 7^ (0,0). (109) 

If this is the unique single WAND the type is Iq, otherwise the type is I^. If there are no WANDs at all, 
the Weyl type is G. 

In 4D type G does not occur (i.e., WANDs always exist), and if the type is I then there are exactly 
four WANDs (such that the type is automatically I^; this is the so called algebraically general case in 
4D). In higher than four dimensions, however, type G is generic [5] and type I is algebraically special 
with respect to type G. However, in many applications the presence of a multiple WAND is important, 
and thus the distinction between types I/G and types II/III/N also appears to be significant. 

We further note that type 1(A) fS' (i.e., type I (a) of [JLj) corresponds to the collection of the spin 
types I{-}o (i.e., v = 0), and type 1(B) to I{(000)}|| {n = 0). See, e.g., [13130] for examples of type I/G 
(vacuum) spacetimes in five-dimensions. 



7.1 The "electric" and "magnetic" parts of the Weyl operator 

For the type I/G case there is another split which may be useful [5S]. The split can be done for any of 
the types, but it is probably most useful for the type I/G cases (and also possibly for type D). The split 
utilises the existence of a Cartan involution of the general linear group. 

Consider the full Lorentz group G = 0(1,4). Let K ^ 0{4) he a. maximal compact subgroup of 
0(1,4). Then there exists a unique Cartan involution 9 oi G with the following properties ^T\: (i) 9 
is invariant under the adjoint action of K: AdK{9) — 9. (ii) 0(1,4) is 6'-stable. (iii) 9 is the following 
automorphism of the Lie algebra g[(n,R): X i-^ —X*, where * denotes the adjoint (which is equal to the 
transpose here since the coefficients are real). 

If 9i and 02 are two such Cartan involutions of G, associated with maximal compact subgroups Ki and 
K2, then there exists a. g G G such that 9i = Int((7)02liit((7~^), where lnt{g) is the inner automorphism 
by g. By a slight abuse of notation, we will denote any representation of 9 simply by 9. 

First, let us consider the case when 9 : TpM i-> TpM. The above-mentioned requirements enable us 
to choose a unit time-like vector u that is iiT-invariant, and let us then choose the 9 which has u as an 
eigenvector. Therefore, in the orthonormal basis, {u, m,-2 5}, we have the matrix representation: 

0-(0"6) = diag(-l,l,l,l,l). 

We note that 9^ ^ 1. This consequently picks out a special time-like direction and any other ^2 is related 
to a (different) time-like vector U2. 

Through the tensor structure of bivector space, we can let 9 act on bivcctor space; explicitly, 9 : 
pab ^ 9°-^9^ j^F'^'^ . By choosing the 9 adapted to the time-like vector u = (^ + n)/\/2, we get the matrix 
representation of 9 acting on bivector space in a (3 -f 4 -I- 3)-block form relative to the basis (|16p - p7)) : 



1 

r; 

1 



r; = diag(-l, 1,1,1). (110) 



This will then act on the Weyl operator C through conjugation 9Q9. 

Since 6*^ = 1, the eigenvalues of 9 are ±1. We can thus project the operator C along the eigenspaces 
of 6*: 

C = C+ + C_, where C+ = ]-{C + 9C9), C^ = ]-{C - 9C9). (Ill) 

Using the Weyl operator (|18p we can then compute the components of the matrix representation of C± 
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relative to ([TB l) - p7)) : 



C- 



■{M - 
-UH- 



M*) 

-H) 

M*) 



\{k + k) 



{k~K) 






H 

\{L + L) 

[L-L) 
-A' 







Af*) . 

k) 



(112) 



i(i^ - iiT) -i(L - L) i(A/* - M) 



(113) 



Therefore, we can see that the components C± are the symmetric and anti-symmetric parts of the Weyl 
operator with respect to the Euclidean metric on bivector space. In 4D these components are referred to 
as the electric and magnetic parts of the Weyl tensor. In [25] these were defined as the higher-dimensional 
electric and magnetic part of the Weyl tensors; thus, henceforth we will refer to the component C+ as 
the electric part of the Weyl operator (tensor), while C_ will be referred to as the magnetic part. Note 
that, as in 4D, these parts depend on the choice of a time-like vector u (and their representation with 
respect to a different time-like vector U2 will change accordingly). 

For type I/G Weyl tensors it is cumbersome to say anything general about their eigenvalue structure; 
however, for purely electric or purely magnetic Weyl operators, we have the following [25] : 

Theorem 7.1. A purely electric (PE, C_ = Q) Weyl operator has only real eigenvalues. A purely 
magnetic (PM, C+ = Oj Weyl operator has at least 2 zero eigenvalues while the remaining eigenvalues 
are purely imaginary. 

This can be seen more easily if we switch to an orthonormal frame (see [5]). Then using a (4-|-6)-block 
form: 



Si 

S2 



C- 



T 
-T* 



Si, 5*2 symmetric, T a 4 x 6 matrix. 



(114) 



In the purely electric case, the eigenvalues are the eigenvalues of 5*1 and 5*2, which are clearly real. 
In the purely magnetic case, we note that the matrix T can be decomposed (using the singular value 
decomposition) as T = giDg2, where gi and 52 are 50(4) and 50(6) matrices, respectively, and D is 
a diagonal 4x6 matrix D — diag(Ai, A2, A3, A4). Consequently, a purely magnetic Weyl operator has 
eigenvalues {0, 0, ±iAi, ±iA2, iiAs, ±iA4}. 

From the vanishing of the diagonal in pi3p we see, in particular, that the b.w. part of a PE Weyl 
tensor has spin type {...}o- The fact that PE implies only real eigenvalues is illustrated, for example, 
by the classification of the eigenvalue structure of the 5D type D Weyl operator in appendix [C] On the 
other hand, the converse is not true - these are only necessary criteria, not sufficient; indeed, among 
(jC14p - (|C79p in Appendix IC. 21 one can find cases where the Weyl operator has only real eigenvalues (i.e., 
only 1 and occurring), which thus constitute counterexamples to the converse (since w y^ and hence 
not PE). 



For a PM Weyl tensor the b.w. part has spin type {(000)}||[^ 
which does indeed give purely imaginary eigenvalues, as illustrated by (IC43I 
D case. Also for the PM case the converse is not true, as is illustrated by (jC51 
has purely imaginary eigenvalues but is not PM. 



0] (the diagonal of (I112p vanishes) 
in Appendix IC. 21 in the type 



in Appendix IC. 21 which 



7.2 Exact purely electric/magnetic solutions 

In 4D there have been many studies attempting to classify purely electric or magnetic solutions with 
various sources. There is a wealth of 4D purely electric Weyl spacetimes; e.g., all static spacetimes (or, 
more generally, all those admitting a shear- and vorticity-free timelike vector field), all spacetimes with 
spherical, hyperbolic or planar symmetry, all Bianchi type I spacetimes, and the Schwarzschild, C and 
Godel metrics. However, only a very limited number of 4D purely magnetic Weyl spacetimes are known 
to exist. It has even been conjectured that purely magnetic vacuum or dust spacetimes do not exist 
(and this has been proved under quite mild conditions, but not in general; see, e.g., [32 36j ). For an 
extensive review of known 4D purely magnetic Weyl solutions see ^7\ ; see also [38ll39] for two more recent 
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contributions. All known purely magnetic metrics are algebraically general (Petrov type I), except for 
the locally rotationally symmetric metrics given in [301111]) which are of Petrov type D. 

There are also many examples of purely electric spacetimes in 5D, including static spacetimes, space- 
times with an M^ spatial translational invariance, spherically symmetric spacetimes, and spacetimes with 
SO{2) X SO{2) isotropy or with spatial isotropy H D SO{2) x 5*0(2) [9]. Remarkably, with our general 
definition of Weyl electric and magnetic parts and of PE/PM spacetimes, many of the generic examples 
mentioned above can be lifted to 5 or higher dimensions - see [33] for full details. It would be useful 
to classify all such solutions. In addition, the purely magnetic spacetimes are much harder to find. The 
only purely magnetic spacetimes known so far in higher than 4 dimensions are conformally related to a 
two-parameter family of Riemann purely magnetic spacetimes; these are all type I^, see [25]. A complete 
algebraic classification may be helpful in the search for new exact 5D solutions. 

8 Conclusions and Discussion 

In this paper we have presented a refinement of the null alignment classification of the Weyl tensor of a 
5D spacetime based on the notion of spin type of the components of highest boost weight and the Segre 
types of the Weyl operator acting on bivector space (and we have examined the intersection between the 
two (sub)classifications). We have presented a full treatment for types N and III, and illustrated the 
classification from different viewpoints (Segre type, rank, spin type) for types II and D, paying particular 
attention to possible nilpotence, since this is a completely new feature of higher dimensions. We also 
briefly discussed alignment types I and G. 

In future work we shall develop the algebraic classification further. In particular, it is hoped that 
canonical forms can be determined explicitly in each algebraic subcase. The analysis may be used to 
study particular spacetimes of special interest in detail; for example, stationary (static) spacetimes and 
warped product spacetimes. In particular, we could attempt to classify and analyse all vacuum Einstein 
type III spacetimes in 5D. We also note that the algebraic techniques may be of use in other applications, 
since the analysis is independent of any field equations. 

This work is timely because of the recent interest in the study of general relativity (GR) in higher 
dimensions and, in particular, in higher dimensional black holes [10) . motivated, in part, by supergravity, 
string theory and the gauge-gravity correspondence. Indeed, even at the classical level gravity in higher 
dimensions exhibits a much richer structure than in 4D. For example, there is no unique black hole 
solution in higher dimensions. In fact, there now exist a number of different asymptotically fiat, higher- 
dimensional vacuum black hole solutions [TU] , including Myers-Perry black holes [12] , black rings [121111] , 
and various solutions with multiple horizons (e.g., [451146] ). 

Since the algebraic classification of spacetimes has played such a crucial role in understanding exact 
solutions in 4D, it is likely to play an important role also in higher dimensions. However, compared to 
4D, the algebraic types defined by the higher-dimensional alignment classification are rather broad and 
it has proven more difficult to derive general results. Therefore, it is important to develop more refined 
algebraic classifications, and it is hoped that the work in this paper will prove useful in the search and 
analysis of exact higher dimensional (and, in particular, 5D) black hole solutions. 

It would also be useful to obtain a more constructive way of accessing the invariant classification 
information in higher dimensions. For example, in i24: discriminants were used to study the necessary 
conditions for the Weyl curvature operator (and hence the higher dimensional Weyl tensor) to be of 
algebraic type II or D in terms of simple scalar polynomial curvature invariants. In particular, the 
Sorkin-Gross-Perry soliton, the supersymmetric black ring, the doubly-spinning black ring, and a number 
of other higher dimensional spacetimes were investigated using discriminant techniques, r^ 
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A Jordan normal structure and projectors 

Let V be the complexification of a real vector space of finite dimension m, and let T be a linear operator 
(endomorphism) on V . For any A G C, define 



with idy the identity transformation on V, and 



Aidv 



W, 



(A) _ 



Ker(T^), k € 



(Al) 



(A2) 



.(A) 



Notice that Wq = {0}. One can show that a smallest natural number s = s(A), < s < m, exists such 
that for all fc e N: 



W^^^ ^ W^^^ 



-< 



-< 



W^^^\ ^ T^i^) = W^ 



(A) 

s+k- 



(A3) 

The complex number A is an eigenvalue of T if and only if s(A) > 1, i.e., it is a solution of the characteristic 
equation det(T — a;lm) = of T, where Im is the unit matrix of dimension m and T is the representation 
matrix of T with respect to any basis of V. In this case. Ex = W^ ^ {0} and M^'^^ = Ws are called 
the eigenspace, respectively, generalized eigenspace of T corresponding to A. Since Ta I VF^^j^ j :< W/. , 

the number s(A) is the index of nilpotence of the restriction of Ta to M^-^K If {Ai, . . . , A^} is the set of 
different eigenvalues of T, then 



V 



(A4) 



A=l 



Let A be an eigenvalue of T, take an arbitrary complementary subspace Ws of Wl._i in M^'^^ — Ws : 



V^(^) = w!:^\ © Ws"^^^ 



and put Wi 
fc = 1, . 



"(A) 



W, 



/(A) 



(for consistency with the next pair of equations). By induction, define for 



1 an arbitrary complementary subspace W^_l. of W^_'^_^ ® Ta(PK,_:j, , j) in W^Jf, via 



'(A) 



.(A) 



r"(A) 



.(A) 



w. 



(A) 



w: 



s — k 
"(A) 



w. 



(A) 



s~k~l 



>Tx{W^ 



"(A) N 

s-k+l) 



W 



'(A) 



s-/c' 



s — k 



Tx{W^ 



"(A) N 

s-k+l) 



w: 



'(A) 



S — k ' 



'(A) 



By construction, the dimensions pk — Pk{^) of Wj} are independent of the choice of W^ 



r'W 



'k ■ 



(e^^' )i;,=i..pfc be an arbitrary basis of W^ , fc = 1, .. s. A sequence e^^ [k] of the form 



etM^[<:^^Mtl---Jt'(^: 



A,fcN 



rfc-l/„A,fc- 



Let 



(A5) 



is called a Jordan normal sequence (JNS) of length k, corresponding to A. It follows that a basis of Af ''^^ 
is given by 



Pk 



UU4W- 



(A6) 



.(A) 



Notice that, since e^ ' e VF^ ' — Ker(T3;), the last element of a JNS, and only this one, is an element 



of Ker(TA) — E\, i.e., it is an eigenvector of T corresponding to A. Combining (jA4p - (jA6p yields a basis 
of V, which is called a Jordan normal basis (JNB) for T. The matrix representation of T with respect 
to the JNB has a block-diagonal form, called the Jordan normal form of T; for a given eigenvalue A the 
corresponding JNSs of length k give rise to Pfc(A) Jordan blocks of dimension k {1 < k < s(A)): 



Bx[k] = 



A 


... 


1 A 




1 A 


■•• 




■■• 


... 


1 A 



(A7) 
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It follows that the algebraic multiplicity of the eigenvalue A (i.e., the power of a; — A in the characteristic 
polynomial), dim(M '•'^'), and the geometric multiplicity, dim{Ex), are given by 

s(A) s(X) 

dim(Af (^)) = Y, kpkiX), dim{Ex) = ^Pfe(A), (A8) 

k=l k=l 

the latter being the total number of Jordan blocks corresponding to the eigenvalue A. In particular, 
dim(Ker(T)) equals the total number X]fc=iPfe(0) = dim(£'o) of blocks corresponding to A = 0. Also, 
blocks of dimension 1 give rise to a diagonal block of T. 

Consider a particular element \a of the set {As} of eigenvalues of T. As s{\a) is the index of 
nilpotence of T^^ , it follows that _L^ defined by 

is the projection operator on M'^^^\ Clearly, idy — Yl^^i-^A, and one can use these projectors to 
decompose the operator T: 

r 

T = Nt + ^ \a^a- (AlO) 

A=l 

This defines the nilpotent operator Nj which contains all the information not encapsulated in the eigen- 
values A^. The operator 

Na = ±aNt = Nt±a (All) 

has index of nilpotence s{\a)-, and since -L^-L^ = ^ab-^a and 

r 

Hj^Y^^A (A12) 

A=l 

it follows that Nj has index of nilpotence max^ s{\a)- Combining (|A10|) and (jA12p . we get the orthogonal 
decomposition: 

r 

T = ^ Ta, T^ = N^ + Xa^a. (A13) 

A=l 

Notice that for all A, _Lyi and N^i are elements of the commutative algebra Q(Ai, . . . , Ar)[T], where 
Q(Ai, . . . , Xr) is the field of rational functions in the eigenvalues A^i over Q. Since the polynomial invariant 
tr(r') of T equals the sum of the Z*'' powers of the eigenvalues, viz. X)a=i dim(M''''^)Aj4, and since the 
coefficients of the characteristic equation of T are combinations of the latter via Newton's identities, the 
eigenvalues are uniquely determined by the polynomial invariants. It follows that ^-A and N^ can be 
determined (in principle) by taking powers of T and traces thereof. 

Finally, given the eigenvalues of T its Jordan normal form can be easily determined by calculating 
p(N'^), j = 0,...,s(Aa) - 1, with p(N^) = dim(M(^-*)). Indeed, for 1 < i < fc we have p{[BxaW\ - 
A^lfeJO = k- j. Hence, 

P(Ni)= E (^-j)Pfe(^^)' J-0,...,s(A^)-l. (A14) 

k=j+i 

This gives a linear system of s(Ay!i) equations in the same number of unknowns Pk{XA) O which can be 
readily solved to give 

p,(A^)=p(N^-i)-2p(N^)+p(N^+i), fc = l,...,s(A^). (A15) 

Given the eigenvalues, N^ can be represented with respect to any basis, and the ranks of its powers can 
be easily determined by computing determinants. 



^■^Notice that IIA14II . j = is the first relation in 1IA8II . while subtracting llA14t . J = 1 from it gives the second relation. 
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B Details of the type III Weyl operator classification 

B.l Classification based on p(C) 

Let {ijk) be a cyclic permutation of (345). We symbolize the order 2 minors Ck{)1 f^) of Ck - up to 
sign - by (no summation over repeated indices) 

ai = 2(w| + vl), (ii = vf + fi-jhk, (Bl) 

7i+ = VjVk + 7T.jWj, 7i- = ^jVk - fitVt, (B2) 

di+ = 2{vjVk + fijVi), St- = 2{vjVk - fikVi). (B3) 

Adding to C-k its «*'' row and taking the determinant we arrive at the identity 

2vid + fiidi — Vkdj + Vjdk — 0. (B4) 

Referring to (1201122^ we have 

/9(C) = 3 + p{Ck) ^ p(C) = 6 or 5 ^ Im(C) = Im(C|z^) ® Im(C_K)- (B5) 

When p(C) = 4 (=> p{Ck) = 2) the last sum is no longer direct (see also (|B12p below). This leads to the 
following discussion (see ((38|) - (|43| for definitions). 

• p(C) =6 <=> p[Ck) = 3 <=> Z?^ 7^ 0. In this case Ck*, and hence C\u, is one-to-one while C_k 
maps onto V. Hence, by (jBSP : 

Im(C) = (C(U3), C(U4), C(U5)) ® V = Im(CK*) ® V, 

Im(CK*) - (Ck*(U3), Ck*(U4), Ck*(U5)). (B6) 

As (|B4p is the i*'* component of the vector relation C-kY — 0, where 

5 

Y =[dd^ di ds]* o Y = dW + ^ d,W[^'=l , (B7) 

we have that 

Ker(C) = Ker(C_K) © V, Ker(C_K) = (Y). (B8) 

• p(C) < 6 ^ p{Ck) = 2 ^ D^ = Q. 

With the choice (PT|) - (P^ . for this case we have that: 

Im(CK*) = (Ck*(U3), Ck*(U4)), Ker(CK*) = (U+), (B9) 

lm{C-K) = ((C-i^)*j, {C-K)*k). Ker(C_K) = (Y\ Y^). (BIO) 

Here and in general, N^:i {Ni^,) stands for the i*** column (row) of a matrix N. One has U+ G Z^, 
U+ ^ (U3,U4) and C(U+) e V, and 

p(C) = 4 ^ Z?^^ = ^ C(U+) e Im(C_K). 

In summary, we have that 

(i) p(C) =5 ^ D^ =Q^D'^^, where, with the aid of (|B5)) : 



Im(C) = (C(U3), C(U4), C(U+)) Im(C_K) = Im(CK*) © V, 

Ker(C) = Ker(C_K) © V. (Bll) 



(a) p(C) =4 ^ D^ = = L''*^ where 



Im(C) = (C(U3),C(U4)) ©Im(C_K), 

Ker(C) = (U++W+>®Ker(C_K)©V. (B12) 



In Sec. IB. 31 we will give explicit expressions for Y^, Y^, W+ (which all belong to W), U+ and D^^, 
in the separate cases v = and v ^ 0. 
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B.2 Subclassification based on p(C^) 
Referring to (|5S|) we explicitly have 



C-k-Ck — 



n\ + v'^ — 5u| W5(% — fii) — 5U3W4 Vi{n^ — n^) — SwsUa 
£15(77,3 - hi) - 5W3U4 hl + v"^ - 5w| W3("4 - n-s) - ^v^v^ 
V4{n5 — fis) — 5W5U3 V3{n4 — h^) — 5U4W5 n| + u^ — 5u| 



(B13) 



Referring to (pUjl - ip^ . the restriction of the map C_k to Im(CK*) induces the isomorphism of vector 
spaces 

Im(CK*) 



Im(C^ 



lm(CK*)nKer(C_K)' 



such that 



piCK) - p(C2) ^ dim(Im(CK*) n Ker(C_K)). 



(B14) 



(B15) 



For p{Ck) = 3 we have dim(Im(CK*) n Ker(C_K)) < dim(Ker(C_K)) = 1; regarding p{Ck) = 2, and 
in view of (JB14I) . proposition 15.11 essentially states that the 2-dimensional vector spaces Ker(C_K) and 
Im(CK*) do not coincide. It follows that the difference p{Ck) — p(C^) in (JB15I) is either or 1, the latter 
case characterized by the existence of a (unique) bivector direction (U°), U° e U, satisfying 



^ Ck*(U") e Ker(C_K), i.e., C(U") ^ V, C2(U") = C_k(Ck*(U")) = 0. 



(B16) 



This reconfirms the possible Segre types mentioned in table[SJ For fixed value of p{C) the first Segre type, 
corresponding to the highest value of p(C^), is the generic case. This leads to the following discussion 
(using also the corresponding previous results of subsection IB.ip . 

• pjC) = 6 ^ pJCk) = 3. 

In this case p(C^) is either 3 or 2, where (cf. (jB8|) ) 

p(C2)=2 ^ D'^<=0 ^ (Ck*(U")) = (Y). 

Here the determinant D^^ is given by 



(B17) 



D^< = det {C-k-Ck') = det 



(C-k)i* 

(C-k)2* 
{C-k)3* 



(Ck )*1 {Ck )*2 ipK )*3 



d^ -dl-di- di 



(B18) 



= det([r (Ck*)*i (Ck*)*2 (C'k*)*3]), 
with d, di and Y as defined in ([55]) . (|M]) and <\B7\i . For later use, we notice that 

p(C) = 6, d = => D^< ^ 0. 



(B19) 



- In the case ^(C^) = 2 o Segre type [(3322)], we have I^f ^ = Ker(C2) = W© V® (U°). If we 
take U!j, U4 such that U = (U^, U^, U°) and W* eW\ lm(CK*), a Jordan basis is given by 



JiVi? = (U;3[3],U^[3],U"[2],W*[2]), 
corresponding to 1^3^°^ == (U^, U^i) and W^^°^ = (U^, W* ~ 



(B20) 



13 



- In the generic case ^(C^) = 3 f^ Segre type [(3331)], we have Wf' = Ker(C2) = W © V and 



(0) 



JiVi? = (U3[3],U4[3],U5[3],Y[l]), 



(B21) 



corresponding to W^ = U and W^ 



^We have used the result Im{CK*) = {Ck*(U^), Ck*(U^), Y), which follows from ([MJ and iIBTTI i. 
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p(C) < 6 ^ pJC'k) = 2. 

We choose V* e V \ Im(C_K) and write 

X^l U+[2], p(C) = 5; 

\(U++W+)[1],V*[1], p(C)=4. ^ ' 

In this case p(C^) is either 2 or 1. With the choice (PT|) - (H^ we have 

/9(C2) = 1 ^ D^^<=0 ^ CK*(U°)e (Y\y2), (B23) 

where the determinant Z)'*^< is given by 



D^'X = det 



{C-k)i* 

{C-k)2* 



{Ck )*1 {Ck )*2 



35+73%+74--"5-'53\-'5t 
'^2 I -2 c;„-.2n/-2 , -2 r,„-.2\ 



= (rig + w - 5w3)(n4 + v - 5V4) - (u5(n3 - fii) - bv^Vi) 
~det([yir2 (^^t)^^ {Ck'U])- 

Here definitions (JB1[) - (|B3[) and (IBIOI) have been used, as well as the correspondence Y^ 4-> Y^ and 
Y^ O Y^ between column vectors in R^^^ and elements of W, as in (jB7p . 



- In the case ^(C^) = 1 we have w!f'^ = Ker(C2) = W © V © (U+) © (UO). If we take U^ such 
thatZ^ = (U^,U",U+), and 

Y* e Kcr(C_K)\(CK*(U°)), W* e W\ (IuiCk' +Kcr(C_K)) = W\ ((Y\ Y^) © (Ck*(U^))), 

a Jordan basis is then given by 

JNB = (U^[3],U"[2], W*[2],X, Y*[l]), (B24) 

corresponding for p(C) = 5 to Wg'"^ = (U^), W!}^'^ = (U", W*, U+>, W'^^^^ - (Y*), and for 
p(C) = 4 to W^3^°^ = (U^), VF2^°^ = (UO, W*), VF^'"' = (U+ + W+, V*, Y*). 

- In the generic case p(C^) = 2 we have W2'' = Ker(C2) = W © V © (U+). A Jordan basis is 

JNB = (U3[3],U4[3],X,YMi], Y2[1]), (B25) 

corresponding for p(C) = 5 to Wg'"^ = (U3, U4), W'^^^^ = (U+), W[^°^ = (Y^, Y^), and for 



p{Q) = 4 to VK3^°^ = (U3, U4), W[^°^ = (U+ + W+, V*, Yi, Y2) 



B.3 Intersection of the two refinements 

In the subsequent analysis we will use the normal forms for {X, x) — (h, v) of table [21 which is compatible 
with P^ when w 7^ 0. Referring to these forms, it is advantageous to distinguish between the cases v = 0, 
V3 y^ = V4 = V5, W3U5 7^ = U4 and V3V4V5 7^ 0. For {) = we will work with the choice (01]). 

B.3.1 Case v = (spin types {-jo) 

This case is characterized by W e Ker(C_K) ^ Ker(C) or diagonal L, cf. p5l) . Regarding Im(CK*), notice 
that we may replace Ck*(U3) by W[45] etc. in (jB6p and (jB9p : thus Im(CK*) — (J^3W[45], ri4W[53], ri5W[34]) 
in a unified form for all values oi p{C). 

Regarding p{C) all di's vanish, such that by PO)) : 

D^ ^cP ^ {nsfiin^y = det(L)^ 

Thus, with the choice (|iT|) : 

p(C)=6 ^ ns^O ^ (Y) = (W). 

This precisely covers the primary spin types {(11)1} and {111}, while p(C) < 6 is equivalent to primary 
type {110}. In the latter case we get Im(C_K) = (V3, V4) and 

(Yi, Y2) = (W, W[34]), U+=U^ I?45=/3|iJ55. (B26) 
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Thus 

p(C) = 5 ^ n5 = 0^H55] (B27) 

p(C) = 4 ^ ng = = i?55 -^ W+ = 0. (B28) 

Regarding p(C^) we obtain 

P(C^) = p{diag{hl,nl,hl)) = p(diag(n3, 714, ng)) = p(L) = ^((7^), 

such that for fixed value of p(C) the Segre type is always the generic one. Referring to (JBISP this tells 
that Ker(C_K) and Im(CK*) only have the zero vector in common (as is readily checked), and is also in 
accordance with 

D^< = rfV [p{C) = 6], D''< = /35V [p(C) < 6]. 

B.3.2 Specifications for u 7^ 

With the choice (HH, and referring to (^0]) and identity (jB4p . it is easily seen that 

p(C) < 6 ^ dg = d4 = or da = ds = 0, (B29) 

respectively. None of these conditions are automatically satisfied; i.e., the generic situation for all v ^ 
spin types is p{C) = 6. Regarding p{C) < 6, the choice j = 1, k ^ 4k naturally leads to the explicit 
expressions 

(Yl, Y2) = (a5W[45] + <54- W[34] - 73+W, a5W[53] + 53+W[34] - 74- W) (B30) 

U+ = <54+U3 + Ss-Ui - agUs, (B31) 

W 

W+ = (-S4+V3H33 - 63-V4H44 + 2{fi5{vl - vl) - 2v3V4V^)H'i4) — 

as 

+2 (-54+1)4^^33 + h-VzH44 + 2{v^{vl - vl) + 2v3V4n5)H34) — ^ 

+ (1)3 W + 21)4 W[34]) J?35 + (*4W - 2«3W[34]) H45, (B32) 

^D^^ = 6l^H33 + 6l_Hi4 + alH55 + 263^64+634 - 264+oi^il3^ - 2,S3-«5i?45. (B33) 

In the cases where p(C^) — p{Ck) — 1, the bivector U" can be determined from Ck'(U°) = Y by Cramer's 
method (case p(C) = 6, L»6< ^ q) or from a3C2(U3) + a4C2(U4) = (case p(C) < 6, D'^'^< = 0). 

B.3.3 Case 113 ^ = 114 = v^ (spin types {-Ji^i^ and {(11)1}^) 

Regarding p(C) we have 

d4 = d^ — 0, ^3 — — 2t'3('i;3 + 7147^5), d — 713(1)3 + 714715), (B34) 

such that (cf. (|B29|) 

p(C) < 6 <^ vl+ 714775 = 0. (B35) 

This condition is only compatible with 77477,5 7^ and 77.4 7^ 77.5, and thus occurs in the following cases: 

(B36) 
(B37) 
(B38) 



and 



{110}||o, 


"-3 = 0, 775 = -774 = ±7)3; 




{111}||, 


7)3 + 774775 = 0; 




[(ii)iU, 


77,5 — —277,3 — ^2h4, 7)3 = 


= 2772 



Then (|B30)) and (IB33)) reduce to 

(Yl,Y2) = (-773W + 27;3W[45], 774W[34] +7)3W[53]), 

D — 477477,5 (775/^44 — 774/^55 + 2V3H45). 
Thus, for the cases (jB36p - (jB38p we have p(C) = 4 if and only if 

775-^44 - 774^55 + 2V3H45 = 0, (B39) 
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else p(C) = 5 (cf. also remark \5^ . In all cases different from (IB36[) - (|B38p we have p(C) = 6 and, from 
dHZl) with (|B3t| : 

(Y) = (n3W-2f)3W[45]). 

Regarding p(C^) the governing determinants reduce to 

D''< = (nl - 4vl){vl + nih5)\ D^'^< - (n^ _ 4«2)(nl + vl), 

such that, also in view of (|B35[) : 

p{C^) = p{Ck) - I ^ n3 = ±2v3. (B40) 

In conjunction with (JBISP it follows that U° = U3 in this case. If p(C) = 6, (|B40p o p(C^) = 2 is possible 
for spin types {(11)1}||, {110}||i, {111}|| and {(11)1}_l, but no t for { (000)}|| and {110}||o. Regarding the 
p{C) < 6 cases (|B36() - (|B38|) only (|B37|) allows for the subcase (IB40I) giving ^(C^) = 1, namely 

_ ns _ I + V2 , _ I-V2 . 

^'a = ± y, "4 = ^ — ?^3, ?i5 = ^ — »^3- (B41) 

B.3.4 Case V3V5 7^ = W4 (spin types {111/0} j_ and {(ll)l}g) 

From (|5U|) we have 

di = 2w3i;5(n5 - %) 7^ 

such that p(C) = 6. It is readily checked that D^"^ — (see (jBlSp ) admits solutions for both spin types, 
leading to subcases where p{C^) — 2. 

B.3.5 Case V3V4V5 7^ (spin type {lll/0}g) 

First we take {110}g, with h^ — and h^ — —h^ ^ 0. As a necessary condition for p(C) < 6 we obtain 
from (I2H1): 

d = ^ vl^vj. (B42) 

By possibly reflecting the m^'s we may assume that the w^'s are positive. Then we obtain 

p{C)<6 4^ W3=W4, ^3 ^ - ^^3 + ^5 ^ (B43) 

Moreover, if p{C) < 6 it is readily computed that the condition for having p(C^) = 1 reads 

-D^5< =0 ^ n3 = -5v5, V3 = y2z;5, (B44) 

while the condition for p{C) = 4 follows from (JB33I) and can always be solved for one of the Hij. 
In the case p(C) = 6, the condition for p(C^) = 2 is _D^< = 0, which reads 



v^h^ +4v3V4V5n3 



|+|+«n +4-5vivi 



2 

~1 I (~1 I -2 I -,2\3 



^3 + (i'3+i)i+W5)^-0. (B45) 



Relations (|B19p and (IB42P imply that there are no solutions to this equation with v\ —v\. However, an 
infinity of solutions exists: it is readily verified that there are, e.g., two real solutions fi-ilv^ when ^3 = W5 
and "1)4 = 'iv'a- We conclude that ]or spin type ///{110}o all six Segre types of table\^ are possible. 

The same conclusion is valid, a fortiori, for III{lll}g. Notice from (l38)) that U3 = U4 = U5 implies 
d = fi3TT.4TT.5 ^ (recall n^ + fi4 + fi^ — 0) and thus p{C) — 6; there are, e.g., two real solutions fis/ijz to 
Z?^< = for the subcase fi4 — 2^3 thereof. For v^ = ^4(7^ ±^5), we have that 



p(C) < 6 4^ n3-n4 = 3w5, % = ±W4w| + 5w|, 



while D'^^< = if, in addition, uf = 7w|. 

Table [10] summarizes the relation between the spin type and Segre type refinement schemes for 5D 
alignment type III Weyl tensors. 
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[(3331)] 


[(3322)] 


[(33211)] 


[(32221)] 


[(331111)] 


[(322111)] 


{110}o 


- 


- 


(IB27I) 


- 


(IB28P 


- 


{(ll)l}o 


X 


- 


- 


- 


- 


- 


{lll}o 


X 


- 


- 


- 


- 


- 


{(000)}|| 


X 


- 


- 


- 


- 


- 


{(11)1}|| 


G 


(|B40P 


- 


- 


- 


- 


{llOJiu 


G 


(|B40P 


- 


- 


- 


- 


{110}||o 


G 


- 


(IB36I) 


- 


(IB36P. (IB39P 


- 


{111}|| 


G 


te40l) 


(IB37I) 


(IB37P. (IB40P 


(|B37p. (|B39P 


(lB37^ (IB39P. (IB40P 


{(11)1}± 


G 


ffiiOl) 


(IB38D 


- 


(1B38I1. (1B39D 


- 


{iii/o}± 


G 


D^< ==0 


- 


- 


- 


- 


{(ll)l}g 


G 


D^< ==0 


- 


- 


- 


- 


{110}g 


G 


(|B45P 


(|B43P 


(|B43P, (|B44P 


(|B43I). Z?'^^ =0 


(1B43D. (|B44L 1)'*= = 


{lll}g 


G 


i?6<=o 


D^^Q 


£)6 ^ £)6< ^ 


Z?6 = i?45=0 


L>6 = D6< = £)45 ^ 



Table 10: Type III Weyl tensors: possible Segre types (colunins) for given spin types (rows). The normal 
forms for {X, x) = (n, v) of table [2] are used to define the spin types. The symbols - and x indicate that 
the corresponding Segre type is either not allowed or is unique, respectively. If [(3331)] is the generic 
case (but other Segre types are allowed) this is denoted by G, where it is understood that the relations 
in columns 2 and 3 of the same row are not satisfied; for Segre type [(3322)] the relation in column 3 is 
not satisfied. If a spin type allows for a Segre type corresponding to p(C) < 6 (columns 3 to 6), the Segre 
type is defined by the mentioned relation(s) and the negation of the remaining relations in columns 3 to 
6 of the same row; e.g., spin type {111}[| will be of Segre type [(32221)] if (|B37p and (|B40I) hold (being 
equivalent to (|B4ip ). but not (jB39p . In this manner, the relations written down for spin type {lll}g are 
the general Segre type defining relations; for more degenerate spin types these reduce to more specific 
conditions, as mentioned in the text and indicated here. 

C Spin types versus eigenvalues for Weyl type II 

In this section we shall illustrate the classification of a type II Weyl operator based on its spin type. We 
shall indicate the degeneracies in the eigenvalue spectra of M, Q and C, and indicate a zero eigenvalue by 
0. So, for instance, C{(000)(1111)(11)1} indicates that C has one single, one double and one quadruple 
non-zero eigenvalue, while is a triple eigenvalue. In particular, we present the case w = Q and comment 
on the more general situations, where the subdivision is based on the number of zero components in the 
normal forms of table [3l 

C.l Case w = 0. 

The spin type can be any of the {• . .}o types. The matrices M and fi are diagonal so that their eigenvalues 
c_an be immediately read off; namely, [-i?3/2, -Ri/2, -i?5/2] for M and [R/2, R/2-R3, R/2-Ri, R/2- 
R^\ for 11. Obviously, none of these can be nilpotent in this case (unless they vanish identically, leading 
to type III spacetimes). We also observe that the combination p{M) = 2, p{Vt) = 3 is not permitted 
here. Let us remark that, in the case of type D, the presently considered case w = is of some interest 
since it defines a purely electric type D Weyl tensor - several properties and explicit examples of such 
spacetimes are known [25] (see also section [7]). 

{(000)}o[fl ^ 0] This type arises when R3 ^ R4 ^ R^ ^ R/2, ^ 0. Clearly we have M : {(111)} (or 
M : {-i?/6[3]}), VL : {(111)1} (or ^ : {i?/6[3], i?/2[l]}), so that 



C:{(111111)(111)1}, 



(CI) 



or C : {~R/6[6], R/6[3], R/2[l]}. We observe that in the case of type D this is the spin type of the 
five-dimensional Schwarzschild-Tangherlini solution (cf. subsection 6.4 of |14j) and, more generally, of 
any Robinson- Trautman spacetime (not necessarily empty) [26]. 
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{(ll)l}o[i? 7^ 0] This occurs for R^ — R4 (up to permutations of the axes). In general we have M : 
{(11)1}, n : {(11)11}, so that 

C:{(1111)(11)(11)11}. (C2) 

It is interesting to observe that, for type D Einstein spacetimes, the presence of a non-geodetic multiple 
WAND is equivalent to the spacetime having this spin type, with R^ ^ R4 = —R3 (see Proposition 9 
in [M] and [16l[22 ) • All such spacetimes have in fact been found in [27 , where it was also shown that in 
any dimensions an Einstein spacetime with a non-geodetic multiple WAND must be of type D. 

If _R3 — 2R4 the second (non-degenerate) eigenvalue of 51 turns into 0, so that C : {(1111)(11)(11)10}. 
There may be more special types in the following cases. 

1. For R3 = 0, M : {(11)0} {M : {-i?/4[2], 0[1]}), n : {(11)(00)} {n : {i?/2[2], 0[2]}), so that 

C:{(1111)(0000)(11)}. (C3) 

In the case of type D this is, in particular, the spin type of Schwarzschild black strings (and Kerr 
black strings on the equatorial plane). 

2. For Ri = 0, Af : {(00)1} (M : {0[2], -R/2[l]}), n : {(111)1} {n : {i?/2[3], -R/2[l]}), so that 

C:{(0000)(111)(111)}, (C4) 

orC:{0[4],i?/2[3],-i?/2[3]}. 

{(ll)l}o[^ = 0] This can be seen as a subcase of the previous spin type, and occurs for ^5 = R4, 
R3 = -2R4. We find M : {(11)1} and Q : {(11)10}, so that 

C:{(1111)(11)(11)10}. (C5) 

{lll/0}o[-R ^ 0] This is the case of a generic matrix S, and in general we have M : {111}, fi : {1111} 
and hence 

C:{(11)(11)(11)1111}. (C6) 

A single eigenvalue of il can be zero for special values of the Ri (e.g., for ^5 = R3 + R4; the case 
R5 = —R3 — R4 corresponds to .R = and is thus discussed separately below). 

Further degeneracies in the spectrum of C can still occur when 51 has degenerate eigenvalues, or when 
M and fl have some common eigenvalues, as we now discuss. 

1. 57 has a degenerate eigenvalue iS R^ = (up to axis permutation) so that M : {110}, 57 : {(11)11} 
(M : {-i?3/2[l], -i?4/2[l], 0[1]} and 57 : {i?/2[2], {R3 - i?4)/2[l], {R4 - i?3)/2[l]}) and 

C:{(11)(11)(11)(00)11}. (C7) 

2. For R5 = -R4,_M : {111} and 57_: {1111} (more precisely, M : {-iT'3/2[l], -i?4/2[l], i?4/2[l]} and 
57 : {i?3/2[l], -i?3/2[l], (i?3/2 - -R4)[l], {R3/2 + i?4)[l]}), so that 

C:{(111)(11)(11)111}. (C8) 

3. For i?5 = -(i?3 + i?4)_/2, M : {111} and 57^ {1111} (more precisely, M_: {-i?3/2[l], -iY'4/2[l], {R3 + 

i?4)/4[l]} and 57 : {(i?3-hi?4)/4[l], (i?4-3i?3)/4[l], (i?3-3i?4)/4[l], 3(i?3 + -R4)/4[l])), so that, again 

C:{(111)(11)(11)111}. (C9) 

4. For i?5 = (i?3-i?4)/2,_M : {111} and 57 : {1111} (more precis_ely, M : {-it!3/2[l], -i?4/2[l], {-R3 + 
i?4)/4[l]} and 57 : {(3i?3 + ^4)/4[l], (i?4 - i?3)/4[l],3(i?3 - ^4)/4[l], (Ra + 3i?4)/4[l])), and again 

C:{(111)(11)(11)111}. (CIO) 

{lll}o[-R = 0] This case arises for R5 = —R3 — R4. In general M and 57 have no common eigenvalues, 
and 57 has no multiple eigenvalues, so that 

C:{(11)(11)(11)1110}. (CU) 

However, if R4 = -R3 then M : {110} (M : {-i?3/2[l], i?3/2[l], 0[1]}) and 57 : {(00)11} (57 : 
{0[2],-i?3[l],i?3[l])), and hence 

C:{(0000)(11)(11)11}. (C12) 
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C.2 Case w^s y^ = W4 = w^. 

It can easily be seen that the combination p{M) = 2, p(0) = 3 is still not permitted here, and Q. cannot 
be nilpotent. 

{lll/0}||[i? 7^ 0] This is the spin type defined by the conditions wa 7^ = W4 = W5 when no further 
restrictions apply (special subtypes are discussed in detail below). It is generically {111}||, although also 
type {110} II shows up in special instances described below. While we focus here mostly on the case /J 7^ 0, 
some special subcases with R = Q will also be mentioned, when they arise naturally. 
The eigenvalues of M and Vt are 

Am = (-^, ] (~R4 -R5± J{R4 - R^r - ^^^ 



, , ^.,4 ^.,0 _._ y y^^^ ^^aj ^Lx.3 

-{R3 + i?4 — ^5), -^(^3 — Ri + R5), -^ 



\n = <J 7^(i?3 + i?4 - i?5), ;^(i?3 -Ra + R5), -[R4 + R5±jRl-^wl]}. (C13) 



Let us remark that our analysis is always restricted to Weyl tensors with real components only. Note, 
however, that in certain ranges of the parameters M and J7 may admit a pair of complex conjugate 
eigenvectors. When that happens the corresponding pair {11} should be replaced by {XX}. For brevity, 
we shall sometimes omit this distinction at intermediate steps (whenever it depends on the value of an 
arbitrary parameter) , and we shall be fully explicit only in the summarizing results for the Segre type of 
C Thus, with these conventions we generically have M : {111} and il : {1111}. 

An eigenvalue of M vanishes for .R3 = or w;| = — /J4/J5, while ft has a zero eigenvalue for R^ = 
±R3 + R4. _It easily follows that M is nilpotent (with M^ = 0) iff -R3 = = -R4 + ^5 (so that R = 0) 
with w| — RI, corresponding to a subcase of the case p{M) — 1, p{n) = 4, cf. (l84l) (up to a trivial axis 
permutation). As already mentioned, fl can not be of type {(0000)} here. Possible repeated eigenvalues 
are now discussed. 

1. For 2w3 = i?4 - i?5, M : {(11)1}, n : {1111}, and 

C:{(1111)(11)1111}, (C14) 

where the last pair becomes {XX} if {R4 — R^)^ > R^. 

(a) If, additionally, 2R3 = R4 + R5 then M : {(111)}, O : {1111}, and 

C: {(111111)1111}, (C15) 

where the last pair becomes {XX} if {R4 — 3/^5) (/J5 — 3R4) < 0. We observe that the spin 
type becomes {110}||[-R 7^ 0] here. Note also that for R5 = —R4 one gets that M : {(000)} is 
nilpotent (as aheady mentioned above), n : {IIXX} and C : {(OOOOOO)llXX}} (with R = 
in this case). 

i. With the further condition ^5 = 3.R4 one gets M : {-^4[3]}, D, : {2^4[3],0}, so that 

C;{(111111)(111)0}. (C16) 

ii. If, instead, R5 = one gets M : {(111)}, il : {IIXX} with one common eigenvalue, hence 

C: {(lllllll)lXX}. (C17) 

(b) If 4i?3i?4 = 5Rl - 2R4R5 + Rj then M : {(11)1}, il : {(11)11}, therefore 

C:{(1111)(11)(11)11}. (C18) 

i. If .R5 = — 3/J4 then M and il share their double eigenvalue and one single eigenvalue, so 
that 

C:{(111111)(111)1}. (C19) 

The spin type is {110}||[i? ^ 0] here, 
ii. If ^5 — 9R4, the double M-eigenvalue equals a single f2-eigenvalue, hence 

C:{(11111)(11)(11)1}. (C20) 

The spin type is {110}||[^ ^ 0] here. 



38 A. Coley, S. Hervik, M. Ortaggio and L. Wylleman 

(c) If R3 = R4- R5 then M : {(11)1}, ^ : {(11)10}, so that 

C:{(1111)(11)(11)10}. (C21) 

i. If R5 = —R4 the double eigenvalues of M and il vanish, thus giving 

C : {(0000000)(11)1}. (C22) 

ii. If ^4 = the double eigenvalue of ft equals the single eigenvalue of M, therefore 

C:{(1111)(1111)10}. (C23) 

The spin type is {110}||[i? = 0]. 
iii. If 3^5 = 5^4 the single non-zero eigenvalue of fl equals the double eigenvalue of M, which 
implies 

C:{(11111)(11)(11)0}. (C24) 

(d) If 2^3 = ^4 - ^5, M : {(11)1}, ft : {IIXX}, and the single eigenvalue of M is also an 
eigenvalue of fi, hence 

C:{(1111)(111)1XX}, (C25) 

which reduces to C : {(0000)(111)1XX} if R5 = -R4. 

When, additionally, R^ = 2R4, then also the double eigenvalue of M is an eigenvalue of il, so 
that 

C:{(11111)(111)XX}. (C26) 

(e) If (i?4 + R5)R3 = -{Rl + Rl), M : {(11)1}, n : {1111}, and the single eigenvalue of M is also 
an eigenvalue of fi, hence 

C:{(1111)(111)111}. (C27) 

(f) If 2R3 = i?4 - 3i?5, M : {(11)1}, n : {1111}, and the double eigenvalue of M is also an 
eigenvalue of fi, hence 

C:{(11111)(11)111}, (C28) 

where the last pair becomes {XX} if (_R4 + Rr,){5R5 — 3R4) < 0. 



(g) If 2R3 = ±y/l3{Rl + Rl) + IOR4R5, M : {(11)1}, n : {HH}, and the double eigenvalue of 
A/ is also an eigenvalue of ft, hence 

C:{(11111)(11)111}. (C29) 

2. For wl = -{R3 - i?4)(i?3 - R5), M : {(11)1}, n : {1111}, and 

C:{(1111)(11)1111}, (C30) 

where the last pair becomes {XX} if ^§+4(_R3— ^4)(^3— ^5) < 0. Note also that F3* = identically 
here, therefore the spin type is {111}||[^ 7^ 0] (including all the following special subcases unless 
stated otherwise). For -R3 = (so that w| = -R4R5) one gets M : {(00)1}, fl : {IIXX} and 
C : {(0000)(11)11XX}, which describes the case p{M) = 1, p{n) = 4 oi 1^ (the more special 
subcase M : {(000)} has been already mentioned). 

(a) If R3 = R4- i?5, M : {(11)1}, n : {(11)10}, hence 

C:{(1111)(11)(11)10}. (C31) 

(b) If 4i?5(i?3 - R4) = Rsi^Rs - 4i?4), M : {(11)1}, n : {(11)11}, hence 

C:{(1111)(11)(11)11}. (C32) 

i. If, in addition, ^3-^3 — ±2.R4, the double M-eigenvalue coincides with one of the single 
fi-eigenvalues, so that 

C:{(11111)(11)(11)1}. (C33) 
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ii. If 9i?3 — 2(1 ± VlO)i?4, the double M-eigenvalue coincides with the double ri-eigenvalue, 
so that 

C;{(111111)(11)11}. (C34) 

The spin type is {lll}||[i? = 0]. 
iii. 11^4 = 0, the single M-eigenvalue coincides with one of the single ri-eigenvalues, therefore 

C:{(1111)(111)(11)1}. (C35) 

iv. If 3/J3 = (— 1 ± \/l3)/J4, the single M-eigenvalue coincides with the double fi-eigenvalue, 
which implies 

C:{(1111)(1111)11}. (C36) 

(c) If 2^3 = ^5 - ^4, M : {(11)1}, ft : {1111}, where the double M-eigenvalue is also an D,- 
eigenvalue, so that 

C:{(11111)(11)111}, (C37) 

where the last pair becomes {^-^} if URa + 6R4R5 — 3R5 < (with ui| > 0). 

(d) Also for 4i?3 = 3(i?4 + -R5) ± Vl3i?4 + 10iT'4i?5 + 13i?5, M : {(11)1}, n : {1111}, with the 
double M-eigenvalue being also an i7-eigenvalue, so that 

C:{(11111)(11)111}. (C38) 

(e) If R4 = 0, M : {(11)1}, Q : {1111}, now sharing the single M-eigenvalue, i.e. 

C:{(1111)(111)111}, (C39) 

where the last pair becomes {^^} if RsibR^ — 4_R5) < (with w;§ > 0). 

(f) If i?3 = ±^/ Rj + R4R5 + Rl, M:{(ll)l}andrJ:{llll} again share the single M-eigenvalue, 
thus 

C:{(1111)(111)111}. (C40) 

3. For 4u)| = R"^, M : {111}, ^ : {(11)11}. Further possible subcases can easily be studied as 
illustrated above, and listing all possibilities is not particularly illuminating. 

4. For wl = Ri{R3 - R4), one has again M : {111}, n : {(11)11}. 

5. There are four possible choices of parameters corresponding to M and fi having a common eigenvalue 
(which is thus a multiple eigenvalue of C). These are the cases (the common roots xq are indicated 
between square brackets): 

(a) wl = -(i?3 + i?5)(i?3 -R4 + 2R5) [2X0 - i?3 + R5 - R4]; 

(b) iwl = -(i?4 + i?5)(2i?3 + R4 + R5); 

(c) 3wl =Rl- A{Rl + Rf) - 7i?4i?5 ± [Ri + R5)^fD, D = 3(4i?| + AM, + AR4R5 - Rl)] 

(d) 2i?3 = R4-R5- 

The common roots xi are given by: (a) 2xi — R3 + R5 — R4, (b) and (d) 2a:i — R3, (c) 0:1 = 
— (-R4 + i?5)/2 + \/D/Q. Further specializations may give more common roots; for instance, if 
R4 — —R5 additionally holds in case (c), such that the type becomes {110}||, then X2 = —VD/6 is 
another common root. In general M : {111}, ^ : {1111} in all the above cases, but some degeneracy 
is possible in special subcases. 

{111/0}||[^ — 0] This case is analogous to the case {111/0}||[^ ^ 0] discussed above, and can be ana- 
lyzed similarly with the additional condition ^ = 0. Some special subcases have been already mentioned 
above. 

{(000)}||[i? ^ 0] Here we have R3 ^ R4 ^ Rr, = R/2, ^ 0. It follows from ((CT3)) that M : {IXX} and 
VL : {(11)11}, so that 

C:{{n){n){xx){xx)n}, (C4i) 

where the last pair becomes {ZZ} if 4it;| > R^. 

M can not have any degenerate eigenvalues. For R^ — 4ui|, however, J7 has two double eigenvalues, 
namely ^3 and .R3/2, therefore 

C:{{n){n){n){xx){xx)}. (C42) 
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{(000)}||[iT' = 0] Ifalli?i = OthcnM : {0[l],iw3/2[l],~iw3/2[l]} andQ : {0[2],iw3[l],~iw3[l]}, so that 

C : {{0000)iXX){XX)ZZ}. (C43) 

Observe that, in the case of type D, this is the spin type that defines a purely magnetic type D Weyl 
tensor. It has recently been shown that (in any higher dimensions) such spacetimcs cannot occur, if one 
adds also the Ricci- flat/ Einstein condition [55] . So far no type D purely magnetic spacetimes are known 
in 5D (or in any dimension higher than 4) ; in 4D the only known such spacetimes are locally rotationally 
symmetric, see [ID] . 

{(11)1)}||[-R 7^ 0] This spin type occurs for ^5 = Rj^. We observe, in particular, that in the type D 
case this is the spin type of both five-dimensional Myers- Perry black holes and Kerr black strings, and in 
fact of a "generic" five-dimensional Kerr-Schild spacetime (cf. subsection 6.4 of [2] and subsection 5.5 
of [S]). From ([CTS]) one gets M : {IXX) and Vl : {(11)11}, so that in general 

C:{{n){n){XX){XX)ll}, (C44) 

where the last pair becomes {ZZ} if Aw^ > R^. The Myers- Perry black hole has this general eigenvalue 
spectrum. One of the non-degenerate eigenvalues of il becomes zero if 4u'| = R^ — 4^|, in which case 
then 

C:{{11){11){XX){XX)W}. (C45) 

The eigenvalues of M can never be degenerate for this spin type. Nevertheless, further degeneracies 
are possible in the following cases. 

1. For 4iD| = Rj, M : {IXX}, fl : {(11)(11)}, and 

C:{{n)in){xx){xx){n)}. (C46) 

This becomes even more special if one of the followings additionally holds. 

(a) If -R3 = 2i?4 then M : {IXX}, Q : {(1111)} (or fl : {i?4[4]}), and 

C: {{1111) (U) {XX) {XX)}. (C47) 

(b) If i?4 = then M : {OXX}, fl : {(11)(00)}, and 

C ; {(0000)(11)(11)(XX)(XX)}. (C48) 

2. For wl = i?4(i?3 - R4), M : {IXX}, n : {(111)1}, and 

C:{{111){11){XX){XX)1}. (C49) 

The non-degenerate eigenvalue of fl vanishes for R3 = AR^, in which case 

C:{{111){11){XX){XX)0}. (C50) 

3. For i?3 = we get M : {XXO}, fl : {{00)ZZ}, thus 

C : {{0000){XX){XX)ZZ}. (C51) 

This is the eigenvalue spectrum for the Kerr black string (away from the equatorial plane, where it 
is ([C3l) ). 

4. For wl = -Ra{R3 + Ra), we get M : {IXX} and fl : {(11)11}, but M and fl share one non- 
degenerate eigenvalue (i.e., —R3/2), so that 

C:{{111){11){XX){XX)1}. (C52) 

The only non-degenerate eigenvalue of C vanishes for ^3 = —4^4, in which case 

C: {{111) {11) {XX) {XX )0}. (C53) 

5. For R4=0 = Rl- 3it;f , we have M : {IXX} and n : {{11)XX}, so that 

C:{{XXX){XXX){11){11)}. (C54) 
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{(11)1)}|I [R = 0] This can also be understood as a subease of the previous spin type, with again R^ ~ R^, 

and the additional condition R^ = —2R4. Similarly, we have in general M : {IXX} and fl : {(11)11}, 
which gives 

c ■.{{n){n){xx){xx)n}, (C55) 

where the last pair becomes {ZZ} if w| > R\. No eigenvalues can vanish here. 

The only case with further degeneracy now arises for w^ — _R|, giving M : {IXX} and il : {(11)(11)} 
with a common eigenvalue (namely, Ra)i so that 

C ■.{{llll){ll){XX){XX)}. (C56) 



{(ll)l)}j.[i? 7^ 0] This is defined by R4, = R^. Hence M : {111} (or M : {IXX} if {R3 - R^)^ < 4w|) 

C:{(11)(11)(11)1111}, (C57) 



and n : {1111} (or Q : {UZZ} if 4w^ > i?|), so that 



or C : {(11)(XX)(XX)1111} or C : {{n){XX){XX)llZZ} or C : {(11)(11)(11)11ZZ} according t_o the 
specific values of the parameters. One of the M-eigenvalues vanishes for either i?3 = or u)| = —R^Rr^, 
while ft has a zero eigenvalue for ^5 = or .R5 = 2^3 or 4W3 = —Rc^{2R3 + R5). 
Additional degeneracies of the eigenvalues are possible in the following cases. 

1. For 4wl = (^3 - ^5)2 M has a double eigenvalue, i.e. M : {(11)1}, O : {1111}, and 

C:{(1111)(11)1111}, (C58) 

where the last pair becomes {^^} if R^{2R3 ^ R5) < 0. The single M-eigenvalue vanishes for 
R3 = 0, in which case then M : {(11)0}, n : {1111}, and C : {(1111)(00)11XX}. Other C- 
eigenvalues can possibly vanish only in more degenerate cases, which are all now listed. 

(a) If R3 ^ 5i?5 then M : {(11)1}, n : {(11)11}, so that 

C:{(1111)(11)(11)11}. (C59) 

(b) If i?5 = then M : {(11)1}, fl : {(11)10}, and 

C:{(1111)(11)(11)10}. (C60) 

(c) If i?5 = 2i?3 then M : {(11)1}, fl : {(11)10}, and 

C:{(1111)(11)(11)10}. (C61) 

(d) If .R5 = 5.R3 then M : {(11)1}, n : {UXX}, the repeated eigenvalue of M (i.e., -3.R3/2) is 
also an eigenvalue of Q, so that 

C:{(11111)(11)1XX}. (C62) 

(e) If i?3 = -3i?5 then M : {(11)1}, ft : {UXX}, the repeated eigenvalue of M (i.e., R5/2) is 
also an eigenvalue of f7, so that 

C:{(11111)(11)1XX}. (C63) 

(f) If .R5 == -^3 then M : {(00)1}, n : {IIXX}, the single eigenvalue of M (i.e., -^3/2) is also 
an eigenvalue of fi, so that 

C : {(0000)(111)1XX}. (C64) 

2. For 4w| — R\ it is fi that has a double (real) eigenvalue, i.e. M : {111}, 51 : {(11)11}, and 

C:{(11)(11)(11)(11)11}, (C65) 



where {(11)(11)} becomes {{XX){XX)} if R^iR^ - Rz) < 0. One eigenvalue of M vanishes if 
_R3 = -4.R5, so that C : {(11)(11)(00)(11)11}. The vanishing of a single fi-eigenvalue leads to M 
having a double eigenvalue and it has been thus already discussed above, while the vanishing of the 
double eigenvalue of 57 leads to M and fl sharing a single eigenvalue and is discussed below. 

Further degeneracy (omitting the already discussed cases M : {(11)1}) is possible when other 
rj-eigenvalues coincide, or when il and M have some common eigenvalues, as we now analyze. 
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(a) If -R3 = 2i?5 then M : {IXX}, Q : {(111)1}, so that 

C : {(111)(11)(XX)(XX)1}. (C66) 

(b) If Rq — 3R3 or 8^5 = 25-R3 or AR^ = (—2 ± y/TjR^, a single eigenvalue of il is also an 
eigenvalue of M, so that M : {111}, fl : {(11)11}, with 

C:{(111)(11)(11)(11)(11)1}. (C67) 

(c) Also for R^ = —R3 a single eigenvalue of ft is also an eigenvalue of M, but additionally the 
double eigenvalue of fi vanishes, so that M : {111}, O : {(00)11} and 

C:{(111)(11)(11)(00)1}. (C68) 

(d) If Re, — —2/^3 or 4/^5 = (—5 ± •\/7)^3, the double eigenvalue of fi is also an eigenvalue of M, 
so that M : {111}, n : {(11)11}, with 

C:{(1111)(11)(11)11}. (C69) 

3. Also for iul = i?5(i?3 - R5) we have M : {111}, fl : {(11)11} with 

C:{(11)(11)(11)(11)11}, (C70) 

where {(11)(11)} becomes {{XX){XX)} if {R^ - i?5)(i?3 - ^R^) < 0. No eigenvalue can vanish 
here. 

For ^3 = 2R5 this further specializes to M : {IXX}, fl : {(111)1} with 

C:{{111){11){XX){XX)1}. (C71) 

4. For ^5 = 3.R3 or ^5 = —^3 or it;| = 2R3{Ri, — 8^3), M and il are of general Segre type, however 
they share one eigenvalue, so that 

C:{(111)(11)(11)111}. (C72) 

No eigenvalue can vanish here (unless one allows for more special cases, see the appropriate para- 
graphs). Some eigenvalues can be complex, in which case one should use the more precise notation 
{XX} etc., but we omit these details here. 

5. Also for wl — ~2R^{R3 + R^), M and il are of general Segre type with a common eigenvalue, and 

C:{(111)(11)(11)111}, (C73) 

where the last pair becomes {-'^-?} if R-l + 8^5(^3 + ^5) < (along with iD| > 0). 

An M-eigenvalue vanishes for R^ = -~2Rr„ hence C : {(111)(11)(00)XX}. For 7R5 = -6R3 an 
ri-eigenvalue is zero, so that C : {(111)(11)(11)110}. 

6. Also for 4u'| — — (_R3+^5)(3^3 + ^5), M and ft are of general Segre type with a common eigenvalue, 
and 

C:{(111)(11)(11)111}. (C74) 

No M-eigenvalue can vanish here, whereas an f2-eigenvalue is zero when 2R^ — — 3i?3, in which 
caseC: {(111)(11)(11)110}. 

For 23^5 — —45^3, M and ft are still of generic type but they share two eigenvalues, so that 

C:{(111)(111)(11)11}. (C75) 

7. The last case where M and ft are of general Segre type with a common eigenvalue arises for 
3«)| = -{R3 + i?5)(3i?3 + 4i?5 ± ^9-^3 + I2-R3-R5 + 12i?5, with 

C:{(111)(11)(11)111}. (C76) 



No M-eigenvalue can vanish here, whereas an il-eigenvalue is zero when 23i?5 = (—25 ± v73)i?3, 
thus giving C : {(111)(11)(11)110}. 

For 23-R5 — — 45.R3, M and ft share two eigenvalues, but this case has been just discussed above. 
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{(ll)l)}_L[i? = 0] This is defined by R^ = R^, R5 = -2R3. Hence M : {111} (or M : {IXX} if 
Awl > 9-^3 ) and n : {1111} (or n : {UZZ} if 4w| > Rj), so that 

C:{(11)(11)(11)1111}, (C77) 

or C : {{11){XX){X X)ll ZZ} or C : {(11)(11)(11)11ZZ} according to the specific values of the param- 
eters. For w1 = 2Rl we have M : {110} and n : {IIZZ}, hence C : {(11)(11)(00)11ZZ}. More special 
cases may arise as follows. 

1. For ml = 9Rl, M : {(11)1}, n : {UZZ} so that 

C:{(1111)(11)11ZZ}. (C78) 

2. For Awl ~ -^3' ^'^ ■ {111}' ^ • {(ll)!!}' ^^^ the double fi-eigenvalue is also an eigenvalue of M, 



"3 — -''■3' 

hence 



C:{(1111)(11)(11)11}. (C79) 



C.3 Case W4 = 7^ w^w^. 



The possible spin types are {111/0}_l and {(ll)l}g. Since Ri — Rj = Si — Sj, at most two of the Ri can 
take the same value. In particular, we can assume that at least one Ri is non-zero. Note also that the 
combination p{M) = 1, p(ri) = 4 is not permitted here (cf. ((84)) '). so that, in particular, M^ 7^ 0. Both 
M and Q can be nilpotent (with M^ ^ 0, f2'^ = 0), which includes the special situation i59\) when C is 
nilpotent (in which case the spin type specializes to {110}_lo[^ = 0], cf- supra). 

C.4 General case W3WiW5 7^ 0. 

Here all of the Ri take different values, otherwise (after a suitable spin) this would reduce to the previous 
case. Accordingly, the only possible spin type is the most general one; i.e., {lll/0}g. In particular, we 
can assume that at least two Ri are non-zero. The cases p{M) = 1 (which implies p{i^) = 4) and p(ri) = 2 
(which implies p(M) = 2) are not permitted here (cf. table [5]). Both M and Q can be nilpotent (with 
M^ ^ 0, 17^ 7^ 0), but not simultaneously. 
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